Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



fs^t^ to Cfjrijeftian iBinotoIeDge 



Small %V0, 3x. 6d, each* 

A Key to the Knowledge and Use of the Book 

of Common Prayer. By John Henry Blunt, M. A., F.S.A., 
Editor of " The Amiotated Book of Common Prayer." 

A Key to the Knowledge and Use of the Holy 

Bible. By John Hemy Blunt, M. A. 

A Key to the Knowledge of Church History 

(Ancient). Edited by John Henry Blunt, M. A. 

A Key to the Knowledge of Church History 

(Modem). Edited by John Henry Blunt, M.A. 

A Key to Christian Doctrine and Practice. 

(Founded on the Church Catechism.) By John Henry Blunt, 
M.A* 

A Key to the Narrative of the Four Gospels. 

By John Pilkington Norris, M. A., Canon of Bristol, for- 
merly one of Her Majesty's Inq)ectors of Schools. 

A Key to the Narrative of the Acts of the 

Apostles. By John Pilkington Norris, M.A. 



• Edimfitons • l^iOion • ^xfatH ♦ CamftriHgf • 



BiDington'iei (|9attematical ^mz0 

i2mo. 
By J. HAMBIilN SMITH, M.A., 

OF GONVXLLB AHO CAIUS COLLBCI, AND LATB LBCTVKBS AT ST. PXTBE's COLLBGB, 

CAMBUDGX. 

Algebra. 

Part I. 3f. Without Adswcts, 2/. 6tL 
Key to Algebra. Part IL [/« th€ Press, 

Exercises on Algebra. 

Part L 2s. 6d, [Copies may be had without the Answers.] 

Elementary Trigonometry. 

Elementary Hydrostatics. 
Elements of Geometry. 

Containing Books i to 6, and portions of Books ii and 12 of 
Euclid, with Exercises and Notes. 3J. 6^ 

Part I., containing Books I and 2 of Euclid, limp cloth^ is. 6^, 
may be had separately. 

Elementary Statics. 
Arithmetic. 

Second Editum, revised, y, 6d. 
By B. J. QBOSS, M.A., 

PBLLOW OP GONVILLB AND CAIUS COLLBGB, CAUBBIOOB. 

Algebra. Part ii. 

Cremm $vo. [In the Press, 

By O. BICHABDSON, M.A., 

ASnSTANT HASTBK AT WINCHBSTBR COLLBGB, AND LATB FBLLOW OP ST. JOHN'S 

COLLBGB, CAMBRIDGB. 

Geometrical Conic Sections. 

Crown %vo. 41. 6d, 
Other Works are in Preparation. 



2 



Miiiinqtom^ ^atl^emattcal ^evte? 



KINEMATICS AND KINETICS 



i&i&ington's jnatfiematical Series. 



By J. HAMBLIN SMITH, M.A., 

or GONVILLB AMD CAIUS COLLBGB, AND LATB LBCTUXBS AT ST. VETmR^B 

COLLBGB, CAMBRIOGB. 

A Treatise on Arithmetic. 3s. 6cL 

A Key to AriihmeHc, 

Elementary Algebra. Part L, 3s. ; without Answers, 

2s. 6d. 
A Key to Elementary Alg^nra. Qs. 

Exercises on Algebra. (Copies may be had without 
the Answers.) 2s. 6cL 

Elements of Geometry. 

Containing Books i to 6, and portions of Books ii and 12 of 
Euclid, with Exercises and Notes, arranged with the Abbrevi- 
ations admitted in the Cambridge Examinations,' 3s. 6d. 
Part I., containing Books I and 2 of Euclid, limp cloth, 
is. 6d., may be had separately. 

Elementary Statics. 3s. 
Elementary Hydrostatics. 3s. 
Elementary Trigonometry. 4s. 6d. 

Book of Enunciations. For Geometry, Algebra, Trigo- 
nometry, Statics, and Hydrostatics, is. 

By B. J. GROSS, M.A., 

FBXXOW or GONVILLB AND CAIUS COLLBGB, CAMBSIDGB. 

Algebra. Part 11., 8s. 6d. 
Kinematics and Kinetics. 

By O. RICHARDSON, M.A., 

ASSISTANT MASTBR AT WINCHBSTBR COLLBGB, AND LATB rBLLOW Or 

ST. John's collbgb, cambridgb. 

Geometrical Conic Sections. 4s. 6d. 

Otlier Works are in preparation. 

RIVINGTONS : LONDON. OXFORD, and CAMBRIDGE. 



AN ELEMENTARY TREATISE 



ON 



KINEMATICS AND KINETICS 



BY 



E. J. GROSS, M.A. 



FELLOW OP GONVILLB AND CAIUS COLLBGB, CAMBRIDGE, AMD SBCBBTARY TO THE 
OXFORD AND CAMBRIDGE SCHOOLS EXAMINATION BOARD 




RIVINGTONS 

Hontion, €)jcfot;D, anti CambiHige 

1876 



RIVINGTONS 

IrOnDon Waterloo Place 

©Xforll High Street 

CanifoiDflf Trinity Street 



[B-58] 



PREFACE. 

This Treatise is intended to contain as much as is 
required, under the head of Dynamics, of Candidates 
for Honours in the First Three Days of the Mathe- 
matical Tripos. I hope that it will also be of use to 
Students in their preparation for other Examinations, 
where questions are set which may be treated without 
Analytical Geometry and the Differential Calculus. 

A beginner, who wishes to become acquainted with 
the principles of Dynamics before advancing far in the 
Kinematical portion of the book, will find that Chap- 
ters VI I. and VIII. may be read immediately after 
Chapter I. 

My thanks are due to Mr. Hamblin Smith for having 
kindly examined most of the proof sheets as they passed 
through the press. 

I shall be very grateful for any corrections, or sugges- 
tions for the improvement of the work, which may be 
sent me by any one using it 

E. J. GROSS. 

GONVILLE AND CaIUS COLLEGE, 

November z% 1875. 
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KINEMATICS. 



L— VELOCITY. 

1. When the position of a point is being changed continu- 
ously, the point is said to be in motion. 

2. Velocity is the name given to the raie of motion of the 
point, or the degree of quickness or dovmess with which the point 

»^ / is moving, at 'any instant. 

3. By observing a body, such as a train, in motion, we per- 
ceive sometimes that it is moving faster at one instant than at 
another. 

Again, we see sometimes, when two bodies are in motion, 
that one is moving faster than the other. 

We can express these facts by saying that the velocity of 
the train is greater at one instant than at another ; and that, 
in the second case, the velocity of one body is greater than 
that of the other. 
• We thus become familiar with the idea of velocities differ- 
ing from one another in magnUudey or intensity. 

And we see that the velocity of a point is a property, which 
the point has at each individual instant of its motion, and 
that the magnitude of this property may be different at 
different instants. 

A 



* 



VELOCITY, 



4. If during any interval of time the magnitude of the 
velocity of a point is the same at every instant, the velocity 
is said to be uniform. If the magnitude at one instant is dif- 
ferent firom what it is at another, the velocity is said to vary, 
or to be a varioMe velocity. 

5. If a point always moves uniformly, it is easy to see that 
it will pass over equal distances, or spaces, in equal intervals 
of time. But the converse of this, viz., that, if equal spaces 
are passed over in equal times, the velocity is uniform, is not 
necessarily true. Thus, if the velocity of a train is uniform 
and of the proper magnitude, it will pass over 30 miles in 
every hour. But, if it passes over 30 miles in every hour, it 
does not by any means follow that its velocity is uniform 
throughout an hour ; for at one part of that time it may be 
moving faster than at another, if only it manage upon the 
whole to go exactly 30 miles in the hour. If, however, it 
went \ mile in every minute, we should feel more confident 
that it was moving uniformly, and still more so, if it went y^ 
mile in every second. And if, on dividing the time into equal 
intervals as small as we pleased, we found that it went an 
equal space in each interval, we should conclude that the 
velocity was uniform throughout the whole time. We thus 
arrive at the following test for uniformity of velocity : — 

A velocity of a point is said to be uniform when equal 
spaces are passed over in equal intervals of time, however small, 

6. Our ideas of the velocities of points are closely connected 
with those of the spaces, over which the points will go in any 
specified time. 

Thus, in ordinary langmige, we indicate any par|i<s9lar velocity 
by mentioning the space traversed in some giip^en l«ng^ of time 
by a point moving uniformly with that velocity duru^g this time. 

For example, we talk of a velocity of 40 miles an hour ; 
meaning such a velocity that, if a point travel uniformly with 
it for an hour, the point will pass over 40 miles. 
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Ex, A point possesses a velocity of 20 miles per 75'. How 
far will it go in an hour ? 

The point goes 20 miles in 75'; 

• it ^ !'• 



.-. it 


" 75^^^ " 


60'; 


• 


., 16 „ 
EXAMPLES.— I. 


Ihr. 



(lO A point IB trovelling with a velocity of 20 feet a minate. How 
fitt will it go in an hour ? 

(2.) Through how many yards will a point go in half -an-hottr, whose 
velocity ib 15 feet per second 7 

(3.) A point is travelling with a velocity of 2 miles an hour. (1) 
How fax will it go in a minnte 7 (2) How many feet will it traverse 
in 10^7 

(4.) If a point moves uniformly over 3 feet in a second, by how 
many miles an hour would you represent this velocity 7 

(5.) The velocity of a point ib v feet a minute, and in a quarter of 
tn hour it has gone a mile. What is « 7 

(6.) The velocity of a train is 30 miles an hour. (1) How long 
will it take to traverse 100 yards 7 (2) How many seconds will it 
take to go 150 feet 7 

(7.) A train travels 120 miles in two hours and a half. If it travels 
uniformly, how many yards does it go in a minute 7 



7. Further, we can compare velocities by comparing the 
spaces, over which points possessing these velocities will go in 
any the same time. 

Thns, by one velocity being double another, we should 
understand that, if for any particular time, say a minute, two 
points were to move uniformly, one with the first velocity and 
the other with the second, then the first point would go in the 
minate twice as far as the second. 
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Again, if the first velocity were v times as great as the 
second, the first point would go, in any particular time, v 
times as far as the second. In this case we should say that 
the first velocity contained the second v times. 

Ex. A velocity of 2 yards a second is half that of 720 feet 
a minute. 

For a point having the first velocity will go 2 yards a second, 

i,e. 6 feet „ ; 

and „ other „ will go 720 feet a minute, 

i,e. 12 feet a second. 

Hence the number of feet traversed with the first velocity 
in a second is half the number traversed with the other in the 
same time. Therefore the first velocity is half the other. 



EXAMPLES.— II. 

(i.) Show that a velocity of 60 miles an hour is double that of 44 
feet a second. 

(2.) How many yards an hour must a velocity be in order to be 
triple one of 2 miles a minute ? 

(3.) How long must a point take to go 3 miles, (1) in order that 
its velocity may be 5 times that of 8 feet a second ? (2) If its velo- 
city is ^ of that of 20 yards a minute ? 

(4.) Find the ratio between two velocities, one being 70 miles an 
hour, and the other two yards a second. 

(5.) A velocity of 3 yards a second is v times one of 70 feet a 
minute. What is v ? 

(6.) Compare the velocities of 20 miles an hour and 4 yards a 
minute. 

(7.) Compare the velocities of two points moving uniformly, one 
over 20 nules in an hour, and the other 2 feet in a quarter of a second. 

(8.) One body moves over 30 yards in 7 minutes, and the other 
over 60 feet in 25 seconds. If their velocities are uniform, compare 
them. 

(9.) How many times does the velocity of 300 yards per 11 
minutes contain the velocity of 70 feet per 3 seconds ? 

(10.) The velocity 20 miles an hour contains the velocity 30 feet a 
second v times. What is v 1 
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(ii.) A man 6 feet high walks in a straight line at the rate of 4 
miles an hoar awaj from a street lamp, the height of which is 10 feet. 
Supposing the man to start from the lamp-post, find the rate at which 
the end of his shadow trarels, and also the rate at which his shadow 
lengthens. 

8. We explained in Art. 6 how a velocity may be indicated 
in ordinary language. We will now state how it may be 
represented by a number, on which the operations of Algebra 
may be performed. 

In Akebra the magnitude of a velocity, like everything else, 
is represented by its measure (Alg. Pt. I. Art 33). That is to 
say, we fix upon some definite velocity, with which we are 
familiar, as our standard, and represent any particular velocity 
by the number of times it contains this standard, this number 
being called the measure of the particular velocity. 

Instead of the phrase, " the velocity whose measure is v," 
we often write the shorter one "the velocity v" So that, 
when we put a letter for a velocity, the student must remem- 
ber that it only indicates the number of times that the velocity 
contuns the standard. 

The velocity which we fix upon as our standard is that, 
with which a point, if it moves uniformly, wiU pass over a 
unit of space in a unit of time. 

9. Prop. The measure of a velocity is egud to the measure of 
the space traversed in, a unit of time hy a point moving uniformly 
with the velocity. 

Let V denote the measure of the velocity, i.e. let it contain 
the standard v times. Therefore, Art. 7, a point, travelling 
with this velocity, would go v times as far in a unit of time as 
if it were travelling with the standard. 

Now with the standard the point would go one unit of space 
in a unit of time, and therefore with the velocity v it will go 
v units of space in a unit of time, or, in other words, v is the 
measure of the space it traverses in a unit of time. Q.E.D. 
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Cor. Suppose a point travels uniformly for a time i with a 
velocity v. By the Prop, it traverses a space v in each unit of 
time, hence in i units of time it traverses a space t^. 

And farther, if at the beginning of the time its distance from 
a fixed point in its line of motion is a, its distance at the end 
h&adcLviy according as it has moved from, or towards, the fixed 
point. 

Let z denote the space traversed in time t Then, if it move 

uniformly with velocity t;, we have s^vty or y =v. Conversely, 

if the fraction y is always the same for all values of t {i.e, if 

s cc t), we conclude that the velocity is constant or uniform. 
This includes the test of Art 5. 

Note. — ^The standard velocity is called the unit of velocity, 
or the unit velocity. 

10. Ez, I. If the unit of time be a minute and a foot the 
unit of space, what is the measure of the velocity 40 miles an 
hour? 

A point having this velocity goes 40 miles in an hour. 

ie. 40x1760x3 feet „ 

. 40x1760x3 

t.e. gTs „ ma minute. 



» V 



ie. 3520 

Hence, the measure of the space passed over in a unit of 
time being 3520, the measure of the velocity is also 3520. 

If the unit of space had been 10 feet, the measure of the 
distance traversed in a unit of time would have been 352, and 
therefore the measure of velocity 352 also. 

Ex. 2. How far will a point having a velocity 3 go in 4 units 
of time ? 

Here 9=3, ^=4 ; .*. the formula 8=vi shows that 12 units of 
space would be passed over in 4 units of time. 
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EXAMPLES.— III. 

(i.) What is the measure of the velocity 70 feet a second when a 
foot a second is the unit velocity f 

(2.) A yard per 7 seconds is the standard velocity. What is the 
measure of the velocity 15 yards per 7 seconds % 

(3.) What will be the measure of the velocity 16 miles an hour 
(1) when a foot a second is the standard ; (2) when 4 feet per minute 
is the standard ? 

(4.) How many yards an hour must a point traverse, in order that 
the measure of its velocity may be ^^ when a foot a second is the 
unit velocity ? 

(5.) How many minutes will a body take to go a mile with a 
velocity whose measure is 5 ; the standard being the velocity of 25 
feet per 3'? 

(6.) A distance of 5 yards is the unit of space, and an interval of 
3' is the unit of time. How fieur will a body go in half an hour with a 
velocity 7 ? 

(7.) If the velocity of 30 feet a second be represented by 5, what 
will be the measure of the velocity 7 yards per 2^ ? 

(S.) Two points start from the same position and move in opposite 
directions with velocities of 5 feet a minute and 10 feet per 3 seconds. 
How far apart will they be at the end of 5 minutes ? 

(9.) Two points start from the same point and move in perpendi- 
cular directions, one with a velocity 5 yards a second, and the other 
with a velocity of 10 feet a minute. How fieur apart will they be, (1) 
at the end of 5', when they start simultaneously ; (2) at the end of 
10' from the starting of the last one, when the first starts 3^ before the 
second? 

(la) Two points move along two lines containing an angle of 60^ 
One point moves with the velocity 30 feet a second, and the other 
with the velocity 20 feet per 2", and they start simultaneously from 
the point of intersection of the lines. How for apart will they be at 
the end of 2^? 

(11.) A particle whose motion is uniform, is at the end of the day 
a mile distant from its position at the commencement. Find its 
velocity, taking 11 yards as the unit of space, 9 minutes as the unit 
of time, and a day equal to 24 hours. 
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11. The direction in which a point is moving is called the 
direction of its velocity. 

In order to determine completely any velocity, we must 
determine both its magnitude and its direction. 

12. It is to be observed that we can prefix the signs + and 
— before the measures of velocities, to indicate contrariety 
of direction, as in Trigonometry, etc. 

Thus if +t; (or v) indicate the velocity of a point moving to 
the right, — v will indicate the velocity of a point moving, at 
an equal rate, to the left. 

13. We can represent velocities by straight lines. 
For we can draw a straight line 

V in any direction, and thus we can represent the 

direction of any velocity ; 
2° so as to contain as many units of length as the 
velocity contains units of velocity, and thus we can 
represent the magnitude of the velocity. 
Hence, Art 9, the straight line will represent also the space 
which the point would traverse, if it moved uniformly for a 
unit of time with the velocity represented. And, conversely, 
if it moves uniformly for a unit of time with any particular 
velocity, the space traversed will represent that velocity. 

EXAMPLES.— IV. 

(i.) A velocity of 5 miles an hour is represented by a line 10 inches 
long. What length of line will represent a velocity of 9 miles an 
hour? 

(2.) A velocity 3 is represented by a line 5 inches long. What line 
will represent a velocity 7 ? 

(3.) If a velocity of 5 miles an hour to the north is represented by 4, 
what wonld represent a velocity of 5 feet a minute to the south ? 

(4.) Oiven tiiat a certain line containing 11 inches represents a 
velocity of 3 miles an hour to the east. How would you represent a 
velocity of 100 yards a minute to the north-east ? 
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14. When a paxticnlar velocity has been taken as our 
standard, every velocity will have its own certain measure. 

If now we change our standard, the measure of each velocity 
must also be changed. 

For instance, if for any reason we took as our standard a 
velocity double of the previous standard, the measure of every 
velocity would be half what it was previously, for a velocity 
which contains the old unit v times would only contain the 

new unit -^ times. 

We have defined our standard velocity with reference to the 
units of space and time. If, therefore, we change those units, 
we must, generally, take a new velocity for our standard ; and 
consequently the measure of every velocity will then be altered. 

It is the object of the following proposition to find the 
change produced in the measure of a velocity by any given 
change in the units of space and time. 

We will first illustrate the method of proof on a particular 
case, and then apply it to the general proposition. 



15. A certain velocity has 5 for its measure when a foot and 
a second are units of space and time. What will be its measure 
when a yard and a minute are units ? 

Now 5 feet are equal to -^ yards. 

With the given velocity a point will traverse (Prop. Art. 9) 

5 feet in one second, 

i.e. "o yards in one second ; 

5 
.'. 60 • -o yards in one minute ; 

.'., by Prop. Art. 9, 60 '-r (=100) is the new measure of the 
velocity required. 
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16. Prop. Givm the measure of any velocity tmth certain (old) 
units of space and time, to find the measure of the same velociiy 
with any other (new) tmits. 

Let V be the measure of the velocity with the old units. 
Let a and b denote the number of times, respectively, which 
the new units of space and time contain the old. 

Hence v old units of space are equal to — new units. 

With the given velocity a point will traverse (Prop. Art 9), 
V old units of space in one old unit of time, 

i-e.-^ new units of space in one old unit of time ; 
.". h' — new units of space in one new unit of time ; 

.*., by Prop. Art 9, — is the n^w measure (v') of the velocity 

a 

required. Hence if we know the values of any 3 of the 

symbols v, v\ a,b, we can find the value of the fourth from the 

equation v= — 

17, We will now apply this formula to the solution of 
examples. 

Ex, I. A point is moving with the velocity of 6 feet a 
minute. What will be the measure of this velocity when a 
yard and a second are the units of space and time ? 

V. The measure is 5 if we take a foot and a minute as 
units. (Art. 9.) 

2°. The new units, viz., a yard and a second, are respec- 
tively 3 times and ^ of the old units. 

Thus we can put t;=5, a=3, b=— ; 

1 « 
60'^ 1 



/. the new measure required=— « 
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Ex, 2. A velocity of 4 feet per second is the unit of velo- 
city, and 5' is the unit of time. What is the unit of space 1 

Let a feet be the unit of space. 

Consider this velocity of 4 feet per second. 

Its measure would be 4, if a foot and a second were the 
units ; hence, taking these as our old units, we can put t;=4. 

Again its measure is 1, if a feet and 5' are the units, since 
it is then the standard, and 5' =300". 

Hence we can put t;=:4, t;'= 1, 6=300 ;.•.! = — — ; 

.-. a=1200. 
Therefore a length of 1200 feet is our unit of space. 



EXAMPLES.— V. 

(i.) The measure of a certain velodty is 7, when 5 feet and 3" are 
the units of space and time. What will be its measure when 2 inches 
and 4' are the units ? 

(2.) The velocity of 7 feet per 3" is the unit of velocity, and the 
unit of space contains 3 yards. What is the unit of time ? 

(3.} What is the unit of space, if 5*^ is the unit of time, and the 
unit velocity is 4 feet a minute ? 

(4.) A point traverses 29 feet in 3' with the unit velocity. What 
is the unit of time, if 4 feet is the unit of space ? 

(5.} What is the unit of time when the velocity of 6 feet a second 
is represented by 4, and the unit of space is 7 feet % 

(6.) Show that the standard velocity varies directly as the unit of 
space, and mversely as the unit of time. 

(7.) If a velocity of 6 miles an hour be the unit of velocity, what 
must be the unit of time that 11 yards may be the unit of space ? 

(8.) If a mile per minute were the unit of velocity, and a yard the 
unit of space, find the unit of time. 

(9.) A body moves uniformly through (to + n) feet in (m - n)^, the 
units of space and time being a foot and second ; and the numerical 
representation of its velocity is nine times what it would have been, 
had it moved through (m - n) feet in (m + rCf^ and the units of space 
and time been a yard and 27". Show that m : nB=5 : 4. 
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(lo.) If a shilling be the unit of money, £1000 a year the unit of 
income, and an inch per minute the unit of velocity, find the unit of 
space. It being understood that the unit of income is an income of a 
unit of money in a unit of time. 

18. If a traveller in a railway train in motion walks from 
one window of his carriage to the other, he may be considered 
as having, at every instant, two velocities ; one the same as 
that of the train, and one independent of the train across the 
carriage. We thus obtain an idea of how velocities in differ- 
ent directions may coexist in a point. 

The traveller's actual velocity will be intermediate in direc- 
tion between these two coexisting velocities; and it is the 
object of the proposition of Art. 20 to determine the actual 
velocity at any instant for this and all similar cases. 

19. Def. When two or more velocities coexist in a point, 
its actual velocity is called their resultant; and each of the 
coexisting velocities is called a comport^ of this resultant. 

20. Prop. The Parallelogram of Velocities. If two straight 
lines AB, AC, represent two co-existing velocities, u and v, of a 
pointy and the parallelogram ABDC be completed, then the diagonal 
AD will represent the resultant velocity. 




Fio. 1. 



Since AB, -4(7 represent the velocities; if v did not exist 
and the point retained the velocity u for a unit of time, it 
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would pass over AB (Art. 13) ; and if u did not exist, and it 
retained v for a unit of time, it would pass over AO. We 
have to show that if it retain both velocities for a unit of time, 
it will move uniformly along AD and will pass over AD in 
the unit of time. 

We can represent the coexistence of the velocities by sup- 
posing the point to move along AB with the velocity 1*, whilst 
AB moves parallel to itself, with the end A along AG, with 
the velocity v. 

1°. The point moves along ^D. 

After any time, <, let AB be in the position AB, and the 
point in the position U, 
T\iWiA'iy^Mi,AA'^'oi\ 

.-. A A : AU^v :u=AC:CD, 
^ and LAA'U=^LACD) 

.-. the triangles AA'D\ and ACD bxq equiangular ; 
.-. L AAU=i L CAD ; i.e. AU coincides in direction with AD. 
And this being so for all values of t, the point must travel 
along AD. 

2°. It travels uniformly along AD. 

For AU :AD=AA' :AC:=vt:v=:t : 1 ; 
.*. the distance traversed by the point in any time varies as 
that time ; 

.-. the velocity along AD is uniform. (Art. 9. Cor.) 

3°. It will pass over ^D in the unit of time. 
For at the end of the unit of time AB has arrived at CD, 
and the point has moved over AB, i.e. it has arrived at D. 
Hence it traverses AD uniformly in the unit of time ; 

.'. AD represents the resultant velocity. Q.E.D. 

Composition of Velocities. — ^The two velocities AB and AC 
are said to be compounded into the velocity AD. 
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21. BesoltUim of FelocUies. — Let AS represent a velocity v, 
Eequired two velocities, of which one shall be in a given 
x; r direction XYy and the other per- 
pendicular to XY, and of which 
AB shall be the resultant. 

Def. The first of these is said 
to be the resolved part of i; in the 
direction XY, 

Draw AC, BCy parallel, and per- 
pendicular to XY. Complete the 
parallelogram CD, 
The velocities represented hj AC and AD will be those 
required. 

For they are in the required directions, and, by Art. 20, 
they will have the velocity represented by AB for their re- 
sultant. 

Cor. If ^ be the acute angle of inclination of AB to XY, 
AC=v COS 6; .; V COB 6 is the resolved part of i; in the given 
direction XY, 




FlQ. 2. 



22. Let AB, CD represent the two velocities u and v, whose 
directions make acute angles, 6 and <l>, with XY in opposite 
directions. 





Flo. 3. 



Now if amongst velocities parallel to XY those are con- 
sidered positive which tend from left to right, and those nega- 
tive which tend from right to left; and amongst velocities 
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perpendicular to XY^ those are considered positive which tend 
upwards from XY^ and those negative which tend downwards ; 
then it is easy to see that 

AB is equivalent to i^ cos ^ parallel to XY^ 

and uAslB perpendicular „ 
CB „ t; cos ^ parallel „ 

and— t; sin <^ perpendicular „ 
whilst BA „ ^u cos B parallel „ 

and— tA sin B perpendicular „ 
DO „ — t; cos ^ parallel „ 

and t; sin ^ perpendicular ,, 



23. The student will observe that there is a great similarity 
between the geometrical representations of forces and of velo- 
citiesy and ako between the compositions and resolutions of 
them. He must beware therefore of confusing them together. 
Thus he must not say that a point travels over a certain space 
(m accownt of a particular velocity ; for a velocity is not the 
coMse of a point's motion, but only the rate of that motion at 
any instant. 



EXAMPLES.— VI. 

(i.) A body possesses velocities of 3 feet a second, and 9 feet a 
second in directions at right angles to one another. What is the 
resultant velocity ? 

(2.) If a body is moving with a velocity of 6 miles an hour in a 
straight line, making an angle of SO"" to the due north direction, and 
between north and east, how &8t is it moving (1) northwards, (2) 
eastwards. 

(3.} A shot is fired from a ship with a velocity of 20 miles an hour, 
the gun being pointed in a direction making an angle of 45^ with the 
ship's coarse, and the ship is sailing 5 miles an hour. What is the 
actual velocity of the shot ? 

(4.) The resolved parts of a velocity in two directions at right 
angles to one another are at any instant 2 and 3. Find the direction 
of -its motion. 
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If at a subsequent instant they are 3 and 2, by how much is the 
direction of motion changed in the interval ? 

(5.) If two balls, radii ri, fs, be projected from points A and B^ 

where AB^a^ with velocities Vi, t;,, so that their directions make 

angles a, /3 with AB ; show that the condition that they should just 

graze one another is 

g ... Visina<v»t^.8in/3 

sum of radii as g , — -, — » 

Nvc + vf - 2t;it;i cos (o - ^) 

If this condition be not satisfied, find the angle which the radii, 
at the instant of the impact, through the point of contact make 
with AB. 




24. Chunge of FdocUy. — ^Let AB represent the velocity of a 

point at any instant, CD 
its velocity at any other 
instant. 

Draw AE ^qual and 
parallel to CD, and com- 
plete the parallelogram FB, 
Then the velocity CD, or AE, is equivalent to the two 
velocities AB and AF. 

Hence the velocity at the second instant is equivalent to the 
velocity AB, which it had at the first instant, together with 
an additional velocity AF. 

Hence AF is said to be the change, or alteration, in the 
velocity of the point, during the interval between the two 
instants ; and the velocity is said to be changed in the interval 
by the velocity represented in magnitude and direction by 
AF. 

The student must remember, then, that the change in a 
velocity during an interval is not the difference between its 
magnitudes at the beginning and the end, unless the change 
is in the direction of the velocity at the beginning, ie. unless 
CD is parallel to AB, and in the same direction zb AB. 
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Thus, suppose that a point is moving in a path represented 
by the curve APQB, and fix>m A towards B. 





Fia. 5. 



Let PT, Qr be the tangents to this curve at two points, P 
and Q. Then when the point is at P, it is moving for the 
instant in the direction PT, and when at Q, in the direction 

Qr. 

Draw OH parallel to PT, and containing as many units of 
length as the velocity of the point when at P contains units of 
velocity. 

Then OH completely represents the velocity at P. 

Similarly draw OK parallel to QT' to represent the velocity 

ate. 

Complete the parallelogram OHKM. 

Then, HK, or OM, represents, in magnitude and direc- 
tion, the change in the point's velocity during the passage 
from P to Q. 



26. When a point is moving in one plane with a velocity 
varying both in direction and magnitude, it is tedious to give 
both the direction and magnitude at every instant. It is easier 

B 



x8 
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to suppose the velocity at any instant to be resolved into two 
parts, one parallel^ and the other perpendicular, to a given 
direction. 

Thus let OJP, OY denote two direc- 
tions at right angles. 

Then we should give the velocity 

j at any instant by saying that the 

point had such and such a velocity 
(2) parallel to OX^ and such and 
such a velocity (y) parallel to OF. 



Fio. 0. 



27. Suppose a point is moving with velocities, represented 
by ABy ACy at any two instants respectively. 

U « . ^ r 

71' 




B 




Pro. 7. 



Complete the parallelogram ABCD; then, as before, AD 
represents the change in velocity during the interval between 
these two instants. 

Draw DF perpendicular to AB, or AB produced if necessary ; 
then the change AD is equivalent to a change represented by 
AF and a change represented by FD, 

So that we should say that, at the second instant the point 
was moving with a velocity AB±AF (+ for I, — for 11) 
parallel to AB, and a velocity FD perpendicular to AB. 

In the special case, where the whole change AD is perpen- 
dicular to ABj AF vanishes, and there is no change in the 
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velocity parallel to AB, Conversely, if there is no change of 
velocity in any particular direction, the change has taken place 
wholly in the perpendicular direction. 



EXAMPLES.— VII. 

(i.) A point is travelling at one instant with a velocity v northwards, 
and at another with an equal velocity eastwards. What is the change 
in the interval ? 

(2.) A point is travelling at one instant with a velocity of 6 miles an 
hour southwards, and at another with a velocity of 4 nules an hour 
towards the N.E. What is the change of velocity in the interval ? 

(3.) The direction of a point's motion is changed by 30^, but its rate 
of motion remains unaltered. What has been the change in its 
velocity ? 

(4.) A point is travelling at the beginning of an interval with a 
velocity of 5 yards a minute, and during the interval its change of 
velocity is one of 6 yards a minute in a direction, which makes an 
angle of 60° with the initial direction of motion. What is the final 
motion of the point? 
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28. When the velocity of a point is being changed, the rate 
of change of the velocity is called the acceleration of the velocity, 

29. The velocity of a point may be changing more rapidly 
at one instant than at another. Or when two points are in 
motion, and not moving each with uniform velocities, then at 
any instant the change in the velocity of one may be more 
rapid than the change in the velocity of the other. We should 
say; in the first case, that the acceleration of the point's velo- 
city at one instant was greater than at the other; and in the 
second case, that the acceleration of the velocity of one point 
was greater than the acceleration of the velocity of the other. 
Thus we see that accelerations may differ from one another in 
magnitude. 

30. For the phrase " acceleration of the velocity of a point," 
we often use the shorter one, *^ acceleration of a point." 

31. If during any interval of time the acceleration of a point 
is the same at every instant, the acceleration is said to be 
t«7ii/brm. throughout that interval. If the acceleration at one 
instant is different from what it is at another, it is said to 
vary, or to be a variable acceleration. 

32. If the velocity of a point always changes uniformly, i,e, 
if its acceleration is uniform, it is easy to see that it will acquire 
equal velocities in equal intervals of time. But the converse 

20 
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of this, viz., that, if equal velocities are acquired in equal times, 
the acceleration is uniform, is not necessarily true. Thus, if 
the acceleration of a point is uniform and of proper magni- 
tude, it will acquire 5 units of velocity in every hour. (For 
instance, the point might be travelling with a velocity 8 at 
one moment, then an hour hence it would be travelling with a 
velocity 13, and at the end of a second hour it would be travel- 
ling with a velocity 18, and so on.) But if it acquires 5 units 
of velocity in every hour, it does not by any means follow that 
its acceleration is uniform throughout an hour ; for at one part 
of that time the velocity may be changing more rapidly than 
at another, if only it manage to increase upon the whole ex- 
actly by 5 units of velocity in the hour. If, however, it 
acquired ^ of a unit of velocity in every minute, we should 
feel more confident that the velocity was changing uniformly, 
and still more so if it acquired 7^ of a unit of velocity in every 
second ; and if, on dividing the time into equal intervals, as 
small as we pleased, we found that the point acquired an equal 
velocity in each interval, we should conclude that the accelera- 
tion was uniform throughout the whole time. We thus arrive 
at the following test for uniformity of acceleration : — 

An acceleration of a velocity of a point is uniform when 
equal velocities are acquired in equal intervals of time, however 
small, 

33. The student must notice the difference in meaning 
between the phrases, " the velocity possessed at any instant," 
and '' the velocity acquired during any interval" 

Thus, in the instance given in Art. 32, the point possesses 
at first a velocity 8, at the end of the hour it possesses a 
velocity 13, and at the end of the second hour it possesses a 
velocity 18 ; and it has acquired during each hour a velocity 5. 

34. We can indicate the magnitude of an acceleration by 
the phrase expressing the number of units of velocity which a 
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point would acquire in some stated interval of time, during 
which the velocity changed uniformly with the acceleration 
indicated. 

Thus, we talk of an acceleration of " 7 units of velocity per 
hour/' meaning that a velocity would change by 7 imits in any 
hour, during which it changed uniformly with the accelera- 
tion indicated. 

Now, if a foot and a second were the units of space and 
time, the phrase " 7 units of velocity " would be equivalent 
to the phrase a velocity of "7 feet per second" (Art 9). 
Hence we could indicate the above acceleration by the phrase 
" 7 feet per second per hour." 

Again, in one second 5^^ of a unit of velocity would be 
acquired with the above acceleration. Hence it might also 
be indicated by the phrases, " ^-gj^ of a unit of velocity per. 
second," and "5^^ of a foot per second per second." 

Ex, I. A point possesses an acceleration of 20 units of velo- 
city per 75'. What velocity will it acquire in an hour % 

The point acquires 20 units of velocity in 75' ; 

• it 2^ r- 

20 
» ^X60 „ „ 60'; 

%,e, „ „ 16 „ „ 1 hour. 

Ex, 2. A point has the acceleration 7 feet per second per 
minute. What velocity will it acquire in an hour 1 

In one minute it acquires the velocity of 7 feet per second, 
and in 60' it acquires a velocity 60 times as great. 

Now, the velocity of 7 feet per second is that with which 
a point would go 7 feet in a second ; and with the velocity 60 
times as great, a point would go 60 times as far in a second, 
i.e, 420 feet in a second. Hence the given point acquires in 
an hour the velocity of 420 feet per second. 
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EXAMPLES.— VIII. 

(i.) A point is trayelliiig with on acceleration of 20 mdts of velocity 
a minute. What velocity wiU it acquire in an hour ? 

(2.) What velocity will a point acquire in half an hour whose 
acceleration is 15 feet per second per second ? 

^3.) A point Ib travelling with the acceleration of 12 feet per second 
per hour. What will be the change in its velocity in a minute 7 

(4.) A point's acceleration is the velocity 3 per second. What 
velocity per hour would represent' this acceleration ? 

(5.) A train's acceleration is 5 feet per second per second. How 
long will it take to acquire a velocity of 100 yards per minute f 

(6.) A train acquires the velocity of 30 feet per second in an hour. 
If its motion is uniformly accelerated, what velocity will it acquire in 
a minute ? 

36. By one acceleration being doable another we understand 
that, if two velocities increase uniformly for any the same 
interval of time, one with one acceleration and the other with 
the other, then at the end of the interval the first velocity 
would have increased by twice as much as the other. 

Thus, suppose the velocities of two points originally were 
3 and 4, and, at the end of an hour, were 13 and 9 ; then, if 
they increased uniformly, the acceleration of the first point 
would be said to be double that of the second at any instant. 

Generally, if the acceleration of one velocity is a times that 
of another, then during any given interval the change in the 
first velocity would be a times that in the second \ and we 
should say that the acceleration of the first contained the 
acceleration of the second a times. 

37. Ex. I. Show that the acceleration of 360 feet per second 
per hour is double that of 1 yard per second per minute. 

With the first a point would acquire in one minute a velo- 
city of 6 feet per second, i.e. 2 yards per second, and this is 
double the velocity of 1 yard per second. 
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Hence in one minute a point would acquire with the 'first 
acceleration double the velocity that it would with the second. 

Hence the first acceleration is double the second. 

Ez, 2. Again the acceleration of 30 yards per minute per 
minute is ^ of the first of the above accelerations. 

For with it a point would acquire in one minute a velocity 
of 30 yards per minute, which is \ yard per second, which is 
\ of the velocity 2 yards per second. 

Hence with this third acceleration a point would in one 
minute acquire a velocity \ of what it would acquire in the 
same time with the first acceleration, i.e. the third acceleration 
is one quarter of the first. 



EXAMPLES.— IX. 

(i.) A point acquires 6 units of velocity per second, and another, 
20 imits per minute. Compare their accelerations, supposing them 
to be uniform. 

(2.) The acceleration of 300 yards per minute per minute is a quar- 
ter of the acceleration of one foot per second per second. 

(3.) The acceleration x feet per second per minute is double that of 
20 yards per minute per second. Find x, 

(4.) Show that the acceleration of a foot per second per minute is 
equal to that of a foot per minute per second. 

(5.) Find the ratio between two accelerations, one being 10 feet per 
second per minute, and the other 300 yards per minute per minute. 

(6.) How many units of velocity an hour must an acceleration be, in 
order to be one-third of one of 7 units of velocity a minute ? 

(7.) How many times does the acceleration of 6 units of velocity 
per minute contain that of 2 units of velocity per second ? 

(8.) How many times does the acceleration of 5 feet per second per 
second contain that of 720 feet per minute per minute ? 

38. In Algebra an acceleration must be represented by a 
number, i.e. by its measure (AJg. Pt. I. Art. 33), viz., the 
number of times it contains some known standard. 
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For the phrase " the acceleration whose measure is a," we 
often write '^ the acceleration a ;" and we must then remember 
that this only means that a is the namher of times which 
the acceleration indicated contains (Art 36) the standard 
acceleration. 

The particular acceleration we fix upon as our standard is 
that with which the velocity of a point will increase by a 
nnit of velocity in a unit of time. 

39. Pbop. Tht measure of an accderaHon is equal to ihe 
measure of tke velocity acquired hy a point in a unit of time, when 
ike velocity of the point is changing uniformly with that accderor 
tion. 

Let a denote the measure of the acceleration, Le. let it 
contain the standard a times. Therefore, Art. 36, a velo- 
city, changing with this acceleration, would increase by a 
times as great a velocity in one unit of time as if it were 
changing with the standard. 

Now with the standard the velocity would increase by one 
unit of velocity in a unit of time, and therefore with the 
acceleration a it will increase by a units of velocity in a unit 
of time, or in other words, a is the measure of the velocity 
the point acquires in a unit of time. Q.S.D. 

Cob. Suppose a velocity of a point changes uniformly for a 
time t with an acceleration a. By the Prop, the point acquires 
a units of velocity in each unit of time, hence in t units of time 
it acquires a velocity oL 

So that if if denote the velocity acquired in time t, we have 

v^atf or 7-=«- 

Conversely, if the fraction --- is always the same for all values 

of t (ue, if r' a <), we conclude that the acceleration is constant, 
or unifornL This includes the test of Art 32. 

Also, if « be its velocity at the beginning of the time /, its 
velocity, v, at the endssw+r', or v^u+at. 
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40. Ex, I. If the unit of time be a minute and a foot the 
unit of space, what is the measure of the acceleration of 40 
miles per hour per hour ? 
A point having this acceleration acquires in one hour 
a velocity of 40 miles an hour. 

i.e. „ 40x1760x3 feet „ 

i0 40x1760x3 • T«;r.„^. 

t.«. „ gg „ aimnute, 

t.0. „ 3520 „ y, 

Now, a foot and a minute being units of space and time, the 

velocity of 3620 feet a miaute contains 3620 units of velocity. 

Hence the point acquires 3620 units of velocity per hour. 

. 3520 . ^ 

t.6. -^ „ „ mmute. 



i.e. 11-6 



» » » 

176 



Hence the measure of the acceleration is 

Ex, 2. What velocity will a point having an acceleration 3 
acquire in 4 units of time ? 
With the given acceleration 

it acquires 3 units of velocity in 1 unit of time; 
„ 12 „ „ 4 units „ 



EXAMPLES.— X. 

(i.) What is the measure of the acceleration 70 units of velocity a 
second, when a second is the unit of time ? 

(2.) What Ib the measure of the acceleration 3 feet per second per 
second, when a foot and a second are the units of space and time 7 

(3.) What velocity Ib acquired in a minute by a point whose 
accderation is 3, a minute being the unit of time % 

(4.) What velocity is acquired in an hour by a point whose 
acceleration is 11 feet per second per second, a foot and a second being 
units of space and time ? 
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(5.) An acceleration of one unit of velocity per 7 seconds is the 
standard acceleration. What is the measure of the acceleration 15 
units of velocity per 7 seconds ? 

(6.) What will be'the measure of the acceleration of 7 feet per second 
per second, when a yard per minute per minute is the standard ? 

(7.) What velocity must a point acquire in an hour in order that the 
measure of its acceleration may be ^, when a foot and a second are 
the units of space and time ? 

(8.) How many minutes will a body take to acquire a velocity 100 
with an acceleration 5 ; the standard being the acceleration of 25 
units of velocity per 3' ? 

(9.) If 5 yards and 3' are the units of space and time, what velocity 
will a point acquire in half an hour with the acceleration 7 ? 

(10.) Two points move, one with the acceleration of 5 yards per 
second per second, and the other with the acceleration 7 feet per 
minute per minute. By how much wUl their velocities differ (1) at 
the end of 5', when they start simultaneously ; (2) at the end of 7' 
from the starting of the last, when the first starts 3' before the second ? 

(11.) If half a minute be taken as the unit of time and a yard as 
the unit of space, find the numerical value of the acceleration 32 feet 
per second per second. 

(12.) If the acceleration of 30 feet per second per second be repre- 
sented by 5, what will be the measure of the acceleration 7 yards per 
minute per minute ? 



41. If the velocity of a point is decreasing, or being retarded, 
all that we have said is true, except that we should read 
" decrease " for " increase," " lose" for " acquire." It is better, 
however, in order that the propositions may suit both cases, 
to consider that when the velocity in a positive direction is 
decreasing, it has an acceleration in an opposite direction, 
which is represented by a negative symbol. 

And more generally we adopt the following convention : — 
Let velocities be considered positive when points are moving 
from left to right, and negative, from right to left. Then, if 
a positive velocity is being increased, it is said to have a posi- 
tive acceleration, if it is being decreased to have a negative 
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acceleration. If a negative velociiy is being numerically in- 
creased i^,e, algebraically decreased), it is said to have a nega- 
tive acceleration, and if numerically decreased (i.«. algebraically 
increased), to have a positive acceleration. 

42. Thus, if a point have at any instant a velocity 10 from left 
to right, and at the end of a second a velocity 4 from left to 
right, and at the end of another second a velocity 2 from right 
to left, we should say that it had at these three instants velo- 
cities 10, 4, and — 2 respectively; and if further the change took 
place uniformly, we should say it had an acceleration —6 
throughout the two seconds. 

Again, if it had been moving at first with a velocity 12 from 
left to right, and at the end of a second with a velocity 5 frt)m 
left to right, and at the end of another second with a velocity 
2 from right to left, and if these changes took place uniformly, 
we should say that it had, at the three instants, velocities 
—12, —5, and 2 respectively, and that its acceleration 
throughout the two seconds was 7. 

In both cases we have considered a second to be the unit of 
time. 

43w With the understanding that our symbols for velocities, 
and accelerations^ may be positive, or negative, the student will 
find the foUowing statement to be true : — 

K a point have a uniform acceleration a for a time /, and 
if tf be its velocity at the beginning of the tuae^ and ir its 
velocity at the end, then 

44. The two characteiistks of an accelemiiioii aie ite magni- 
tade and its direction. An acceleration cannot be said to be 
completely determined until both these characteristka are 
determined. 
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45. Accelerations can be represented by straight lines. 
For a straight line can be drawn 

F in any direction, and thus can represent any accelera- 
tion in direction ; 

2^ so as to contain as many units of length as the accelera- 
tion contains units of acceleration, and thus can 
represent the acceleration in magnitude. 

46. Since the number of units in any acceleration is the 
same (Art. 39) as the number of units of velocity, which 
would be acquired in a unit of time with that acceleration ; 
hence the acceleration of a point's motion at any instant, and 
the velocity, which the point would acquire with that ac- 
celeration in a unit of time, are represented by the same 
straight line. 



EXAMPLES.— XI. 

(i.) A point has at one instant a velocity 5. What velocity has it 3 
minutes afterwards, supposing it to move with an acceleration of 2 
feet per second per second, in the direction of its initial motion, a 
foot and a second being units of space and time ? 

What would be its velocity at the end of the 3 minutes, if the 
acceleration were in the direction opposite to that of its initial 
motion ? 

(2.) An acceleration 5 is represented by a line 10 inches long. 
What length of line will represent an acceleration 9 ? 

(3.) If the acceleration of 4 miles per minute'per minute towards 
the north be represented by 5, how would you represent the accelera- 
tion of 2 feet per second per second towards the south ? 

(4.) Given that a certain line containing 3 inches represents the 
acceleration 8 miles per hour per hour towards the east ; how would 
you represent the acceleration of 100 yards per minute per minute 
towards the north-east ? 
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47. We have defined our unit of acceleration with reference 
to the units of velocity and time. Hence, if these be changed, 
the acceleration taken as our standard must generally be 
different, and therefore the measure of each particular accelera- 
tion will be changed. 

Further, the unit of velocity depends on the units of space 
and time. Hence, if these be changed, we must generally 
take for our standard a different acceleration, and then the 
measure of each acceleration will be changed. 

48. Prop. Givm the measure of any acceleration vnth certain 
(old) units of space and time, to find the measure of the same 
acceleration idth any other {new) units of space and time. 

Let a be the measure of the acceleration with the old units. 
Let a and b denote the number of times, respectively, which 
the new units of space and time contain the old. 

With the acceleration we are considering a point will acquire 
a old units of velocity in one old unit of time ; 

Le.yAxt, 16, — iiew units of velocity in one old unit of time ; 
a 

and . •. h. — new units of velocity in one new unit of time ; 

but, by Prop. Art. 39, the measure of the velocity acquired in 
a unit of time is the measure of the acceleration ; 

b*a 
.'. — is the new measure (a') of the acceleration required. 

Hence, if the values of any three of the symbols, a, a', a, 5, are 
known, the value of the fourth is found from the equation 

49. Ex. I. What is the measure (a') of the acceleration 7 
feet per minute per minute, when a yard and a second are 
taken as the units of space and time ? 
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If a foot and a minute were the old units of space and time, 
the measure of the velocity acquired in a minute would be 7, 
and therefore the measure of the acceleration would be 7 
(Art. 39). 

Also the new units of space and time given in the ques- 
tion are respectively 3 times and ^ of these old units ; 

.'., putting a=7, ^=gQ , a=3, we have 

, 60 •' 
a = — 



3 10800 

Ex, 2. If the acceleration 10 feet per second per second is 
represented by 12, and a minute is the unit of time, find the 
unit of space. 

If a foot and a second were the units of space and time, the 
measure of the above acceleration would be 10. 

Let a feet be the new unit of space. 

Then if a feet and one minute are the units, the measure of 
the acceleration is 12; also I'^GO^ 

Hence we can put a=10, a'=12, 6=60 ; 



j2^60|M0 36000 



a a 

.-. a=3000. 
Hence a length of 3000 feet is the unit of length. 



EXAMPLES.— XII. 

(i.) What is the measure of the acceleration 32 feet per second per 
second, when 3" and 3 yards are the units of time and space ? 

(2.) If a minute be taken as the unit of time and a Telocity of 60 
miles an hour as the imit of velocity, what will be the measure of the 
acceleration, whose measure is 32^ when a foot and a second are taken 
as the units of space and time ? 

(3.) If 3 be the numerical value of that acceleration with which 
in 3 seconds a velocity of 3 feet per second is acquired, what has been 
taken as the unit of space, if 5 seconds be the unit of time ? 
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(4.) If an acceleration be represented by the same number when 
the units of time are 1^ and 2^, find the ratio between the correspond- 
ing units of length. 

(5.) If (/ be the measure of an acceleration when m seconds and n 
feet are the units of time and space, show that the measure of the 

acceleration, when n seconds and m feet are the units, is a-,* 

(6.) The measures of an acceleration and a velocity when referred 
to (a + 6) ft., (m + iCf and (a - 6) ft, (m - n)" respectively are in inverse 
ratio of their measures when referred to (a -6) ft, {m-n)" and 
{a + 6)ft., (m + n/'; their measures when referred to a ft., m" and 6ft, n" 
are as ma : n5. Show that 



(7.) If the unit of velocity be the velocity with which a point passes 
over a feet in t seconds, and the unit of acceleration that of a point 
which acquires in t seconds a velocity of 6 feet in t seconds, find the 
units of space and time. 

(8.) Show that the unit of space varies, directly as the unit of space, 
and in the inverse duplicate ratio of the unit of time. 

(9.) A point, having a certain acceleration, in 8' acquires a velocity 
represented by 5 feet per 3 seconds, and, when the unit of length is \ 
of what it was before and 4 seconds the unit of time, the measure of 
the acceleration is 20 ; find the number of feet in the unit of length 
in the first case. 

(10.) If the acceleration of 32*2 feet per second per second be taken 
as the unit of acceleration, and the velocity of 32*2 feet in 16'1 seconds 
as the unit of velocity, what are the units of space and time respec- 
tively ? 

50. We have seen, in Art. 18, how a point may be con- 
sidered as having, at any instant, two or more velocities in 
different directions. 

We may now go further and suppose that the velocity in any 
one, or more, of these directions is being changed. Then the 
rate at which it is being changed is called the acceleration of the 
velocity of the point in that direction ; or more shortly, though 
inaccurately, the acceleration of the point in that direction. 
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For example, it might be convenient to regard the velocity 
of a point, at any instant, as made up of two components, one 
in direction XX and one in direction YT. Then ihe rates, 




at which these velocities are changing at the instant under 
consideration, would be called the accelerations of the point 
in these directions at that instant. 

Further, it might happen that at any instant the actual value 
of the velocity in the direction XX might be ni/ ; so that the 
point would be moving in direction YY^ but might possess 
accelerations in the directions both of YY and of XX. 

The student will thus see how a point can be considered as 
having accelerations in different directions at once, and also 
that it may at the same instant have a direction of actual 
motion different from any of these directions. 

51. In Art. 50, suppose at any instant that u and v were 
the velocities in the directions XX ^ YYy and that for a time 
t the point possessed uniform accelerations, a, j9, in these direc- 
tions. Then at the end of the time t its velocities would be 

u+at in direction ZJT, and 

v-\-pt „ YY. 

So that the actual velocity at the beginning of the time would 
be found by compoimding u and v according to the Parallelo- 
gram Law in Art. 20 ; and, at the end of the time, by com- 
pounding w-faf, v+pt 
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52. Def. When a point possesses at any instant two or more 
accelerations, the actual acceleration is called their resuUard, 
and they are called the components of this resultant. 

53. Prop. The Parallelograni of Accelerations. — If two 
straight lines AB, AC, rqn-esent two accelerations possessed by a 
point at any instant, amd the parallelogram ABDC he completed, 
then AD toiU represent the resultant acceleration. 

Since AB, AC represent 
the accelerations, they repre- 
sent also (Art. 46) the two 
velocities which would be 
acquired in a unit of time 
with those accelerations. 
F»o- »• . That is to say, at the end of 

this unit of time any point would, with these accelerations, have 
acquired two additional velocities represented by AB and AC. 
The resultant of these velocities, Art. 20, is represented by 
AD ; . \ AD represents the resultant change of velocity acquired 
in a unit of time, and .*., Art. 46, it represents the resultant 
acceleration. Q.E.D. 

Composition of Accelerations. — ^The two accelerations AB and 
AC Bxe said to be compounded into the acceleration AD. 

54. Besdution of Accelerations. — ^Let AB represent any accele- 

X y ration, then the resolved part of AB 

in any direction, XY, is the name 
given to the acceleration in the 
direction XY, such that it and a 
certain other, perpendicular to XY, 
have AB for the resultant. 

Describe the rectangle ACBD 
having one side AC parallel to 
XY, and AB for a diagonal Then 
AC and AD have AB for their resultant, and therefore AC 
represents the resolved part of AB in the direction XY, 




Fio. 10. 
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If a represents AB^ and Q the acute angle it makes with XF, 
then a cos^ is the measure of this resolved part. 

The sign to be prefixed to a cos^ must be determined as in 
Art. 22. 

EXAMPLES.— XIIL 

(i.) A point's motion is changing with the accelerations 3 and 4 in 
two directions at right angles. Determine the resultant acceleration. 

(2.) A point has an acceleration 10 towards the east^ and another 
12 towards the north. At noon it is moving with a Telocity 100 
towards the east. How is it moving at 12.15 p.ic., a foot and a second 
being the units of space and time ? 

(3.) A point starts with a velocity 60, and always has an accelera- 
tion 3 in a direction making an angle 30 with its initial direction of 
motion. How is it moving at the end of 10 units of time after the 
instant of starting ? 

(4.) At one instant a point is moving with a velocity of 5 feet per 
second, and (having a constant acceleration all the time) 10" after- 
wards it has an equal velocity in the direction perpendicular to the 
former. What is the acceleration ? 



m.— UNIFOBMLY AOOELEEATED MOTION. 

55. Suppose that during any interval of time t^ the velocity 
of a point is uniformly changing in magnitude with an accelera- 
tion a, whilst the point traverses a space s in the direction of 
this velocity, and that at the beginning and end of the interval 
the measures of the velocity are u and v. 

Then we have abeady found, in Art. 39, Cor., the relation 

We proceed to find the relations into which s enters. 

56. Divide the interval / into n equal intervals, of each of 
which the length is r, so that t=nT. 

The velocities at the beginnings of these intervals will be 

w, w+ar, w+a.2T, . . . , i*+a.?i— It; 
and the velocities at their ends will be 



u+ar, u+a.2Tf . . . , u+a,n—lTy u+a,nT. 
I. Suppose the point to move during each interval with the 
velocity it has at the beginning of that interval, then the 
whole space passed over would be 

ttT+(tt+a.T)T+(tt+d.2T)T+ etc. +{u+a,n^hT)T 



=u.nT+aT*{l+2+ . . . +w— 1) 

ar* 
^wnr +-2-w(?i— 1) 
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n. Suppose the point to move during each interval with 
the velocity it has at the end of that interval, then the whole 
space passed over would be 

(tt4-aT)T+(tt+a.2T)T+ etc. +(tt+a.nT)T 

=ttnT+aT«(l+2+ . . . +n) 



=-^+t(^+¥) 



Now the space (s) actually passed over must lie between these 

two expressions, whatever n may be, and since when n is 

a/* 
endlessly increased they both become t^+'o~ i ^^ \aN^ 



57. We have v^su+aiy or a/=t;— w, 

and«=U+~j/; 

v+u v—u 



t;*— tt* 



•" 2a ' 
/. 2as=:t;*— tt*, or t;*=tt*+2<w. 

58. These three, v^u+ai, .... (i), 

s=trf+^a^«, . . . (2), 

V*=:iU^ + 2aS, .... (3), 

are the fundamental formulse for uniformly accelerated 
motion. We will give some examples of their use. 
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59. A case of uniformly accelerated motion, which very 
frequently occurs in nature, is that of a body moving vertically 
upwards or downwards. 

When a particle is falling vertically downwards towards the 
earth, it is found by experiments, some of which will be sub- 
sequently explained, that the particle has a uniform accelera- 
tion, such that during every second of its motion it acquires 
an additional velocity of 32*2 feet per second. 

Thus we say that the acceleration of a falling body is 
32*2 feet per second per second downwards; 
and that, a foot and a second being the units of space and 
time, the measure of the acceleration of a falling body is 32*2 
downwards. This number we generally represent by g. 

A particle thrown vertically upwards has the same accelera- 
tion. So that, if we represent the velocity with which it starts 
when thrown upwards by a positive symbol, we must repre- 
sent its acceleration by »^, a foot and a second being units. 



60. Ex. I. A point is thrown upwards with the velocity of 
100 feet per second ; find, 

(1.) Its velocity at the end of 2" > 

(2.) The time of rising to its greatest height ; 

(3.) Its velocity at the end of 4" ; 

(4.) When it wiU be at a distance of 100 feet from the 

point of starting ; 
(5.) Its velocity when at a distance of 150 feet from the 

point of starting. 
Here we put ^=100, a= — 32-2, or — ^. 
(1.) The velocity (t;) after 2" is obtained from the formula 
t;=i*+a^, by putting /=2 ; 

.% t;=100-(32-2)2=35-6; 

i.e. at the end of two seconds it has the velocity of 35*6 feet 
per second upwards. 
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(2.) Let / be the number of seconds which elapse before it 
comes to its greatest height. When it is at this height, it is 
at rest; .*. in the formula !;=t4+a/, by putting t;=0, we have 

0=100-(32-2)/; .•.<=^=3^; 

.'. it takes 3'^^ to reach its greatest height. It then begins 
to descend. 

(3.) Put /=4 ; its velocity {y) at the end of V is given by 

t;=100-(32-2)4=-.28-8; 

\,e. it then has the velocity 28*8 feet per second downwards. 

(4.) Let i be the number of seconds which elapse before it is 
at a distance of 100 feet from point of starting. 

Then, in the formula 5=t«/+Ja/«, putting 5=100, we have 

100=100/-i(32-2)/«, 

or(16a)<«-.100/=-100. 
Solving this quadratic in ^, we have 

,_ 50±10V8^ 
'~ 160 
Giving the square root the approximate value 3, for the sake 

of example, we have /=4ff4> ^^ ^inrr- 

Thus it will be at a distance of 100 feet from the point of 
starting after 1^^, and again after 4' ^f > ^^ *h® ^^e of 
starting, approximately. 

(5.) Let t; be its velocity when at a distance 150 feet from 
point of starting. 

Then, in the formula t;*=M*+2a5, putting 5=150, we have 
t;«=(100)«-2(32-2)150=340; 

.-. t;=± V340. 

Hence it is twice at a height of 150, once going upwards, 
and once coming downwards, and at both times the magni- 
tude of its velocity Sa the same, viz. V340 feet per second. 

Ex, 2. A point starts from rest, and has the acceleration 40 
feet per second per second, find the distance it traverses in 
the fourth half-second of its motion. 
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By the phrase " starts from rest " is meant that its initial 
velocity (w) is zero. 

Take a foot and a second as units of space and time. 
Let X be the number of feet traversed in 1^' from rest. 

Then aj'— a; represents the distance required. 

In the formula «=«<+ Ja/«, putting, 

3 
(1.) 5=aj, tt=0, a=40, /=-s-, we have 

a;=-_..40«-7-=^6 ; 
2 4 

(2.) B—x\ i*=0, a=40, /=2, we have 
a;'=~ 40-4=80; 

.'. a;'—a;= 35; 
x,t. the point traverses 35 feet in the given interval. 



EXAMPLES.— XIV. 

[A foot and a second are taken as the units of space and time unless 
it is otherwise stated.] 

( I .) A particle drops vertically from rest. What will be its velocity 
(1) at the end of 10^' ; (2) when it has traversed 60 feet ? How far 
will it go (3) in the first 10'' of its motion ; (4) in the second 10^? 
(5) How far must it go before it has a velocity 100 ? 

(2.) A point is thrown downwards with a velocity 64*4 (=2^). How 
far must it go before it has acquired a velocity Ag ? 

(3.) A body starts with a velocity 5, and has a constant acceleration 
10 in the direction of its motion. How fiEur will it go in lO'' ? How 
long will it take to go 10 ft. ? 

(4.) A body starts with a velocity 15, and has a constant acceleration 
5 in the opposite direction. When and where will it come to rest ? 

(5.) A body is thrown upwards with a velocity 20. When will it 
have a velocity whose magnitude is represented by 30 ? 

(6.) A body starts with a certain velocity and moves with a con- 
stant acceleration 10 in the direction of its initial motion. In 5" it 
has traversed 450 feet. What is its initial velocity ? 
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(7.) A point, Btartiog with a Telocity of 40 feet per second, tra- 
yenes 300 feet in til* with a constant acceleration in the direction 
of initial motion. What is the magnitade of this acceleration ? 

(8.) A point moves with nnifonn retardation over 100 feet in 12*, 
starting with a velocity 10. When and where will it come to rest ? 

(9.} A point has described 30 feet from rest in 3". Find the ao- 
celeration (supposed uniform) and the velocity acquired. 

(10.) A small body thrown upwards passes the point 20 feet from 
the point of starting with a velocity 55 feet. How much farther will 
it go, and what was the velocity with which it was projected ? 

(11.) Two bodies &11 from heights of 20 and 30 feet, and reach the 
ground simultaneously. What was the interval between their start- 
ing? 

(12.) A heavy particle is dropped from a given height A, and at the 
same instant another particle is thrown vertically upwards so that 
they meet half way. Find the velocity of projection of the latter 
partide. 

(13.} A stone is dropped, into a well, and after 3 seconds the sound 
of the splash is heard. Find the depth of the well, supposing that 
the velocity of sound 1000 feet per second, and that the stone will fall 
16*1 feet in the first second. 

(14.) If Bt be the space described by a body, moving with a uniform 

acceleration a, in the r^ unit of time, show that --t must be an odd 

a 

integer. 

(i 5.) During any uniformly accelerated motion, the space described 
in any interval of time is the same as might be described by a body 
moving uniformly with the mean of the extreme velocities. 

(16.) The path of a body uniformly accelerated is divided into a 
number of equal spaces. Show that, if the times of describing these 
spaces be in AJP.y the sums of the greatest and least velocities for 
^ch such space respectively are in H.P. 

(17.) A body moves from rest with an acceleration, which remains 
constant during certain successive equal intervals of time, but is 
changed at the expiration of each such interval, so that the space 

Qn + l Q 

described in the n^ interval is always ^ times the space de- 

scribed in the first of them. If the velocity acquired at the end of 
the first interval be 1;, show that after a long lapse of time the velocity 
approaches a uniform velocity 2i;. 
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(i8.) One particle describes the diameter AB of a circle with uni- 
form velocity, and another the semi-circumference AB with uniform 
tangential acceleration, they start together from A and arrive together 
at B ; show that the velocities at B are as 1 : tt. 

(19.) A particle falls freely in the n^ of a second through a space 
a ; what must be the unit of length ? 

(20.) If the unit of velocity be that which describes m units of 
space in the unit of time, and the unit of acceleration be that which 
produces n units of velocity in the unit of time, how must the equation 
« SB i;t + \ai^ be modified ? 

(21.) A body moves from rest with uniform acceleration over 15 
yards in 3 seconds, find the space described in the last second. 

(22.) A particle moves with a constant acceleration a. If i« be the 
arithmetic mean of the first and last velocities in passing over any 
portion h of the path, and v the velocity gained, show that wo^^aJL 

(23.) If a body describes 36 feet whilst its velocity increases uni- 
fonnly from 8 to 10 feet per second, how much farther will it be 
carried before it attains a velocity of 12 feet per second ? Required 
also the magnitude of the acceleration. 

(24.} A point, moving with a uniform acceleration^ describes 20 feet 
in the half second which elapses after the first second of its motion. 
Compare its acceleration with that of a fedling particle, and give its 
numerical measure, taking a minute as the unit of time, and a mile as 
that of space. 

(25.) If a body be projected upwards with a velocity ng (where q is 
the measure of the acceleration of gravity), when will its height be ng^ 
and what will then be its velocity ? 

Show that n must not be less than 2. 

(26.) A body describes 100 feet from rest, and acquires a velocity 
of 40, with a uniform acceleration 8, in 5 seconds, what have been taken 
as the units of space and time ? 

(27.} A point A starts from a given point with uniform acceleration, 
and afterwards another £ from the same point with a greater accelera- 
tion ; show that the difference of the finid velocities when B overtakes 
^ is to the less of the two, as ^'s velocity when B started is to the 
velocity acquired by ^ in the remainder of the motion. 

(28.} A point moves with uniform acceleration, and describes 12 
feet in the second half-second of its motion, and, at the end of that 
half-second, is moving with the unit of velocity ; if a yard be the unit 
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of space, determine that of tiipe and the numerical value of the 
acceleration. 

(29.) A body fidb through a feet and acquiree a Telocity 6, with a 
uniform acceleration /, in ( aecondsy what are the units of time and 
length? 

(3a) A body is observed to describe in successiTe intervals of 2" 
each the spaces 24 and 64 feet in the same straight line ; show that 
Hie acceleration may be constant^ and find its measure. 

(31.) A body starts from rest under a uniform acceleration, but at 
the commencement of each sncoessiTe second the acceleration is de- 
creased in a geometrical proportion (rs^) ; show that the space 

described in n seconds = (2fi — 3 + pj^ )^f where t is the space de* 

scribod in the first second. 

(32.) If v. be the velocity, at the end of n seconds, of a body which 
has an initial velocity, and a uniform acceleration, and iS« be the space 
described during n seconds, show that 

n+1 n n— 1 

61. Suppose that a point moves so as always to remain in 
one plane, and that its motion has a constant acceleration. 

Let OX, OY be two fixed straight lines in this plane. Then, 
since the acceleration is constant, it can always be resolved 




M 
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into the same two components parallel to OX and OY. Let 
a, )3 be their respective values. Let A be the position of the 
point at any instant, and B after an interval t Let its velo- 
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city when at ^ be equivalent \(i the two components u^ v, 
parallel to OX and OY. 

Draw AC parallel to OX. 

Then we can make the point execute its motion by suppos- 
ing it to move along AC with an acceleration a, starting from 
A with a velocity u, whilst AC remains parallel to itself, with 
A moving parallel to OY with an acceleration p, starting from 
its initial position with a velocity t;. For then the point will 
have its proper accelerations in these directions, and its proper 
initial velocities. 

Draw BM parallel to OF, meeting the initial position oi AC 
in My and complete the parallelogram AMBN. 

Then BM, or AN, is said to be the distance of B from the 
initial position of A measured jparaUd to OY, and AM, or BN, 
its distance measu/red parallel to OX. ^ 

Now when AC has arrived in the position NB, i.e. wheii -^ 
has travelled over AN from its original position to N, the 
point is at B, i.e. has travelled along ^67 over a distance AM. 

Hence, AM=vi+^a^y 
AN=vt+ipt*. 

Also its velocity at B will be equivalent to two components, 
one, parallel to OX,=iU+at, 
and the other, parallel to OYy=v+pt. 

Hence we can find, separately, the motions of the point at 
any instant, and the spaces traversed by it in any time, parallel 
to two given directions. 

The student must be careful to note that the point does not 
travel along the straight line AB, unles a=rO, and )3=0, or 
w=0, and t;=0. 

62. The following are particular cases to which we shall 
recur: — 

(1.) Let «;=0, and a=0. Then AM=fd, 

AN=ipt\ 
Here AM is the direction of motion of the point when at A, 
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and OY is the oonfltaiit direction of the acceleration of the 
motion of the point throaghout the whole inteiraL 

Thus the point starts from A with a Telocity of which the 
direction is not coincident with that of the constant accelera- 
tion. 

(2.) Let XOY he a lig^t ang^e, and v=0. 

Then ^ir=ttf+ W 
AN=^\^. 
Here AM is the direction of motion of the point when at 
A'y and the point can be regarded as having two co-ezistiiig 
aooelerationsy one in the direction of motion at A^ and the 
other peipendicular to it 




IV.— ANGULAR VELOCITY AND NORMAL 

ACCELERATION. 

63. Angular FelocUy,— Let ^ be a fixed point, AX a fixed 
straight line, and let P be a moving point. 

Then, if P moves so that the angle 

jl X PAX is being changed, P is said to 

have an angular motion with respect to, 
or about, A ; and the rate at which the 
angle PAX is being changed is called 
the angular velocity of P with respect 
to A. 

The only way in which P can move, so as not to have this 
angular motion, is along AP. 

64. The unit of angular velocity is that angular velocity 
with which a moving point will pass through a unit of angle in 
a unit of time, about a fixed point. 

65. As in Art. 9 it can be shown that, if co be the measure 
of any particular angular velocity, then with it a point will 
pass about a fixed point in a unit of time through an angle 
whose measure is co, and in a time t through an angle whose 
measure is (ot, 

66. Also, as in Art. 16, if a> be the measure of any parti- 

cular velocity with certain units of angle and time, then — 

is the measure of the same velocity with units of angle and 
time a and b times the former. 

46 
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As in theoretical mathematics we usually adopt the circular 
system for measuring angles, and a second for our unit of 
time, it generally comes to this, that the angular velocity, 
with which a point will pass in a second through a unit of 
circular measure about a fixed point, is the unit for angular 
velocities. 



67. Prop. Ajxnnt is ircmUing, in a eirde of radius a, toUh an 
angular vdocUy co alxntt the centre C, and with a linear velocity v 
along the drc/wmfereiMe. To show that t;=:aa>. 

Suppose the point to travel with these 
velocities for any time /, and let AB be 
the distance it goes in this time, then 
the measure of AB=^vty and 
the measure ot ACB=:iid, 
But from Trigonometiy 
AB-a.AGB ; 

.'. vssom; Pio. 18. 

V 

or the measure of the angular velocity about C=— • 

Cor. Grenerally, let A be any fixed 
point, P a point moving with a velo- 





city t; in a direction making an acute ^ 

angle 4> with AF. 
Let r be the measure of AP, pk»- i*- 

Then v is equivalent to (1) t; cos^ along AP, and 

(2) V sin^ perpendicular to AP. 
Now the component (1) has no connection with the angular 

velocity about A, which is therefore the same as if (1) did not 

exist and P were moving perpendicularly to AP with the 

velocity v sin^. 

Hence the angular velocity of P about A = — — • 
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68. Ex, A point P is moving in a parabola, with a constant 
angular velocity about the focus 8 ; show that the linear velo- 
city « 5P*. 

The direction of motion of P is the 

tangent to the parabola at the posi- 
tion P. 

Let A be the vertex of the parabola, 
SY the perpendicular from 8 on the 
tangent at P. 

Let (D denote the angular velocity, 
V the linear velocity of the point 
when in any position P. 

The component of v perpendicular 
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BY 
to iSP=t;. sin SPY^v.-gp ; 



SY 



^'''SP^v.8Y_v.^AS:SF vWA8. 
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SP SP* 



SP* 



SF 



b) 






Hence, -y-^ being a constant, v « 5P*. 



69. Normal acceleration, — ^Let a point be moving in some 
plane curve APQB, and let P, Q be two adjacent points on AB 
and PT be the tangent at P. 

Bi Then PT is the direction of motion 
at P. 

Then, when at P, the point has no 
velocity perpendicular to PT. Let v 
be its velocity, and a, p the two com- 
ponents of its acceleration along, and 
perpendicular to, PT, 

We call a the tangential, and p the 
normal, acceleration of the point when at P. 
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Let t be the time of going from P to Q. Draw QT peipen- 
dicalar to FT. 
J X f « f^ ^® greatest, and least, "^ paiaUe!, 

, /> 'pv^ of ^0 components of the >and peipendicnlar, 
^^ PyP y acceleration during <, J to FT. 

Then a lies between a' and a'. 

Also FT>vt+^'e and <r<+laV, 

QT>^P'i' and < J/fff, Art 62, (2.) ; 

. , FT* 2»* , 2m' , o'« ^ .V 

Now let t be endlessly decreased, then FT and QT* are also 
endlessly decreased and -^«. becomes equal to 2p, p being the 

radius of curvature of the cunre at F. (Frost's Newton, Art 78.) 
Again, the interval of time being decreased, the values of a', 

a*" must become closer, and therefore their values must both 

ultimately become equal to a; similarly P', pC must both 

ultimately be equal to )8. 

Hence the right hand sides of both (i) and (2) must ulti- 

mately be equal to -g- ; .'. 2p=Tg-, or )8=— • 

Hence (hs points motion has at F a normal acedenUion^ whose 
measure is — , wholly independent of any acceleration in the 

direction of the tangent which the point may happen to 
have. 

70. Ex. Let a point be revolving in a circle of radius a with 
the uniform velocity v. Then at eveiy instant it has an 

acceleration — towards the centre ; and, since its velocity is 

constant, it has no acceleration in the direction of the tan- 

D 
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gent. Hence this normal acceleration, — , is its total, or re- 
sultant, acceleration. This is Newton's Fourth Proposition 
in Section 11. 

Further, let w be the measure of the angular velocity about 
the centre, then t;=a(i> ; 

.'. the measure of the normal acceleration= =aw«. 

a 

EXAMPLES.— XV. 
(i.) If the angular velocity of a wheel 6 feet in diameter, travelling 
uniformly n miles an hour, be — , find the unit of time. 

(2.) A point 18 moving along a straight line. Determine the con- 
nection between its linear velocity and its anguish velocity about a 
fixed point when at a given distance from that point. 

(3.) A point is moving in an ellipse with uniform angular velocity 
about the centre. Determine the velocity when in any position, and 
the normal acceleration. 

(4.) A point is moving with uniform linear velocity along the cir- 
cumference of a circle. Determine its angular velocity about a point 
in the circumference. 

(5.) A point is moving in a parabola with uniform angular velocity 
about the focus. Determine its angular velocity about the vertex, 
and the normal acceleration at aay point. 

(6.) On a straight railway, on the side of which is a line of tele- 
graph posts at intervals equal to their distance from the rail, a train 
passes a post every second. Show that its angular velocity about 

any post is ^ where t is the time since passing it. 

(7.) A point moves in a circle with uniform velocity. Determine the 
velocity with which it is approaching a given point in the circle at a 
given instant, and also the acceleration of its motion towards that 
point at that instant. 

(8.) J. is a fixed point in a circle on which the point P moves with 
uniform velocity. Show that the apparent angular velocity of P about 
A is constant, and is equal to one-half its angular velocity about the 
centre of the circle. 
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71. Def. a point is said to be in motion rdaiivdy to 
another when either its distance from the second, or the direc- 
tion of the line joining it to the second, or both, are being 
changed. 

72. To judge of the motion of a point (P) relatively to another 
(Q) at any instant. 

Let A, B he the positions of 
the two points at any given 
instant, and suppose that their 
velocities are then such that, if 
they remained the same for a 
time ty the points would move 
over Aa, Bh. 

Produce AB, ah (if neces- 
sary) to meet in G, Then the 
motion of P relatively* to Q 
at the given instant is such that, if it continued for a time /, 
the distance of P from Q would be changed by AB-^db^ and the 
angle between the line joining them, by ACh, 

If ah is parallel to AB^ the angle ACh is zero and A is said 
to have no angular motion, at the instant under consideration, 
relatively to B, 

It will be observed that the motion of B relatively to A is 
the same in magnitude as that of A relatively to JS, only in the 
opposite direction. 

51 
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73. Pbop. Tht Belatwe Motions of a rnmber of FoirUs, at any 
insiard, are not altered by impressing ^ on each, any the same addu- 
tionai vdocUy, 

For consider two points, P, Q. 
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At any given instant let the positions of F and Qhe A and 
Bf and their velocities such that, if they remained the same for 
any time t, F and Q would move to a' and b\ 

So that AB—a'y and the angle between the directions of 
A£ and a^V would represent the change in their relative 
positions after the time t. 

Next, at the given instant let equal velocities be impressed 
on F and Q in tiie same direction, and suppose they are such 
that with them alone F and Q would move over Aa", BV in 
time ty so that Aa", BV are equal and parallel. 

Complete the parallelograms Aa'aff, BVhV, Then F and Q 
would now move over Aa, Bb in the time t (Art. 20) ; and 
AB—db and the angle between the directions of AB and ai 
would now represent the change in their relative positions. 
But Aa!', Bb' are equal and parallel; and aa^ is equal and 
parallel to Aa'', and W to BV; therefore W, aa', and therefore 
ab, a'b\ are equal and parallel. Hence in both cases the change 
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in the relatiye positions of F and Q, in the interval i^ would 
be the same. Hence (Art. 72) the relatiye motions of P and 
Q at th,e given instant are the same in both cases, ie. they are 
not altered by the same velocity being impressed on each. 

Cob. If the additional velocity be equal and opposite 
to the velocity of one of them, that point is at rest for the 
instant. 

Hence if we require the motions of any points relatively to 
any other moving point P during any interval, we suppose 
that at each instant eveiy point has an additional velocity 
equal and, opposite to the velocity of F at that instant. F 
may now be considered as fixed, and the motions of all the 
rest may be calculated by any method which we may have 
for determining the motions of points relatively to a fixed 
point. 



74. When F is moving during any interval with a varying 
velocity, then the rate of variation, or in other words the 
acceleration, of the additional velocity, which each point is to 
be supposed to have, is equal and opposite to the acceleration 
of P's velocity. For the additional velocity must vary in the 
same way as P's, %,e. it must have an equal acceleration. 
Hence, to suppose that at each instant eveiy point possesses 
an additional velocity equal and opposite to that of F at that 
instant, is the same thing as to suppose that throughout the 
interval every point has an additional velocity equal and 
opposite to that of F at the beginning of the interval and an 
additional acceleration at every instant equal and opposite to 
that of F at that instant. 

If we suppose that the additional acceleration ardy^ and not 
the additional initial velocity, is possessed by each point, 
F may be considered as moving in a straight line with a 
uniform velocity equal to what it has at the beginning of the 
interval 
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75. Ex, P is a point moving on a circle, of radius a, with uni- 
form angular velocity &>. Q is a point moving on a tangent to 
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the circle with uniform velocity v. Find the angular velocity 
of P relatively to Q when the latter is at the point of contact. 

Let C be the centre of the circle, Q the angle QCP. 

Impress on Q and on P the velocity v opposite to Q's given 
direction, and therefore perpendicular to QC\ then Q is at rest. 

The component of P's velocity perpendicular to QF is repre- 

sented by ao) cosOPC— v cosCOP=(aa)— v) sin—. 
Also QP is represented by 2a sin— . 

Hence the angular velocity required is represented by ^^*^^ , 

and is therefore the same wherever P may be. 

Note. — ^The angular velocity of P about the point of contact 

i. J v flwucosOPC (I) 
IS represented by ^^-^=-— . 

2asin-5- 

Hence the ratio of the angular velocity about the point of 

contact to the angular velocity about Q when moving through 

the point of contact 

= aa):da)— v. 
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EXAMPLES.— XVI. 

(i.) The ends of the hands of a watch are at equal distances from the 
axis of rotation, and move in the same plane. Determine the relative 
motion of the two points at any time between 12 and 1 o'clock. 

(2.) A point P describes a circle, radius 4a, with uniform angular 
velocity o about a fixed point 0, and another point Q describes a 
circle, radius a, with angular velocity 2a> about P. Show that the ac- 
celeration of Q is always proportional to the distance of P from a 
fixed point. 

(3.) Explain why a man walking in a shower of rain in general holds 
lus umbrella a little in front of Imn. 

'(4.) Two particles move with constant accelerations in given straight 
lines. If their velocities when they are in any given positions be 
given, determine when their relative velocity is least ; and if at any 
moment their relative velocities in any two directions be in the same 
ratio as their relative accelerations in the same directions, show that 
the above relative velocity =0. 

(5.) Two equal circles touch each other, and firom the point of con- 
tact two points move on the circles with equal velocities in opposite 
directions. Prove that one will appear to the other to move on a 
circle, the radius of which is equal to the diameter of either of the 
first circles. 

(6.) Three equal particles are placed at the comers of an equilateral 
triangle, and begin to move in their plane with the same angular velo- 
city about their centre of gravity. Compare with this their relative 
angular velocities. 

(7.) A point is moving in an ellipse with a known velocity at a given 
point, determine its velocity relative to the foot of the normaL 

(8.) Prove that, when any points Pi, P2, ... Pn are moving in 
any manner, the acceleration of Pn is the resultant of the acceleration 
of P« relative to P»_i, of Pn-i relative to P»_f , . . . and of Pi. 



VI.— INSTANTANEOUS CENTRE AND 
QEOMETBY OF THE OYOLOID. 

76. Let A^ She siinultaneoas positions of two points of a 
figure in motion in one plane, A*, W simultaneous positions of 
the same two points at some subsequent instant. 




Fio. so. 

Draw lines bisecting AA'y BB' at right angles and meeting 
inO. 

Then evidently AO=:AV, BO=B'0; and since the line, 
which at one time coincides with AB, afterwards coincides 
with A'B', we have also AB^A'B'; therefore the angles BAO ' 
and ffA'O are equal. 
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Further, consider some third point in the figure and let it be 
at when the first two are at ^ and J3, and at G' when they 
are at A and B. Join (70, (70. 

Now the triangle, which coincides with AGB at one instant, 
coincides afterwards with A'OB \ therefore CA^CA\ and 
the angles £^C, ffA'C are equal. Then, the angles J3^0, 
B'A'O being equal, the remaining angles OAC^ OA'C^ are 
equal. And in the triangles OAC^ OA'C, since OA^OA\ 
AG^A'C, and OAC=:OAV; therefore OO^OC. 

This result is true wherever G may be. 

Thus the second position of each point in the figure is at 
the same distance from that the first is. So that we could 
make the figure move from its first position into its second 
by turning it round 0, keeping this point fixed, each point 
describing an arc of a circle whose centre is 0. 

And this is true however near these positions may be to one 
another. 

But, when they become indefinitely near, so that they may 
be regarded as consecutive positions of the figure, AA\ BB\ 
Gffy etc. become the directions of motion of the points of the 
figure in the positions A, JS, G, etc. and also coincide with 
the arcs of circles described round the point which then 
occupies. Hence, in any position of the figure, all the points 
are just then moving in circles having a common centre, called 
therefore the instantaneous centre of rotation, which is for that 
instant at rest. 

We have the following construction for finding the posi- 
tion of this point : — 

Find the directions of motion of any two points, A, B, 
at that instant, and draw AG, BO perpendicular to those 
directions. The point 0, in which these lines meet, is the 
required point. 

Also, if be joined to any other point, C, of the figure, GO 
is perpendicular to the direction of motion of G. 
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11, Ex. Let AB be a rod sliding with its ends on two 
straight lines ZX, ZY. 
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Then ZXy ZY are the directions of motion of the ends 
A and B, 

Draw AO, BO, perpendicular to ZX, ZY, meeting in 0. 

Then is the instantaneous centre of rotation of the rod. 

Let C be any point in the rod. Join CO, then C is instan- 
taneously moving perpendicular to CO, 



78. Def. a cycloid is the curve traced out by a point in 
the circumference of a circle, which rolls on a straight line. 




Thus let P be the point, and aPh one of the positions of the 
circle rolling on the line DBE, ha being the diameter perpen- 
dicular to DE» 
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Suppose that D is the point of contact when P is in DE^ 
and that the circle roUs on, from 2>, till P comes on to BE 
again at some point E. Then P traces out the curve LAE^ 
which is said to be an in/verted cycloid as it is below DBE, 
which is called the base. 

Ay the position of F when at its greatest distance from DBE, 
is called the vertex of the cycloid and evidently is the middle 
point of DAE, Also, if AB is drawn perpendicular to DBE^ B 
is the middle point of DBEy and AB=ab ; also B is the point 
of contact of the rolling (or generating) circle when half way 
between D and E. 

79. The centre of the rolling cirde is always at the same 
distance from DBEy i,e. it moves parallel to LBE; .: aob\a 
perpendicular to the direction of motion of the centre of aPb ; 
.\y Art 76, the centre of instantaneous rotation is in 006; 
.*. i, if moving at all, must be moving perpendicular to aoby 
i.e. along DBE, Now there is supposed to be no sliding of 
the circle, but only rolling ; hence b is not moving along DE ; 
,\ bia for the instant at rest, i,e, it is the instantaneous centre 
of rotation. 

Join bP, aP; then. Art. 76, P is moving perpendicular to bP, 
i.e, along aP, since bPa, being the angle in a semicircle, is a 
right angle. Hence Pa is the tangent to the cycloid at P, and 
Pb the normaL 

80. On AB as diameter describe a circle BQA (Fig. 23). 
It is the position of the generating circle when midway between 
D and E. It may be called the artocUiary circle. 

Draw PQN perpendicular to ABy meeting the auxiliary 
circle in Q and AB in N. P and Q may be called correspond- 
ing points on the cycloid and auxiliary. 

Then (Figs. 22 and 23)AQia parallel to Pay and BQ to bP. 
Hence AQ and BQ are parallel to the tangent and normal to 
the cycloid at the point corresponding to Q. 
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81. As the circle rolls from 2> to 6 (Fig. 22), each successive 
point in the arc hF comes in contact with a point in hBy hence 
the arc bF=bD, Similarly BD is equal to the semicircum- 
ference of the circle, and therefore the arc aP is equal to Bb. 
Also DB is equal to the circumference. 

The points D and B are called the cusps. 




82. Prop. The arc AP is double the chord AQ. 

B Let P' be a point adjacent 

toP, C the corresponding point 
on the auxiliary circle. Join 
FQ' cutting AQ m r. Now 
ultimately when F' approaches 
indefinitely near to F, the arc 
FF* coincides in direction with 
Fio. 23. the tangent at F, i,e, is parallel 

toAQ. Also, QF being parallel to FQ', QFFr is ultimately a 
parallelogram ; 

.-. tQ=FF 
Again, cut off from AQ k distance An=iAQ'; 

.\ nQ=zAQ^AQ\ and LAnQ'^LAQ'n. 
Now ultimately the angle QAQ[ vanishes, 

.'. Q'n^+-^0'n= 2 right angles; 
.*. AnQ and AQ'n are right angles, and nQ is perpendicular 

torG. 

Ultimately, Q(^ coinciding with the tangent at Q to the 
circle, the angle Q'QA=^ L QBA in alternate segment 

B= complement of BAQ 
= LN'rA 
^LQrQ''y 
.-., ultimately, rG'=GG'; 
.*. in the isosceles triangle QrQ the perpendicular nQ' bisects rQ] 
.'. rQ^2nQ. Hence PP'=2(^G-^G')- 
In other words, as F moves from any position to a consecu- 
tive one, the increase in the arc AF is double the increase in 
the chord AQ. 
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Now let F start from A and move along the cycloid. The arc 
AT and the chord AQ both start from nothing and continnallj 
increase in magnitude. But from above the arc AF increases 
with double the rate of increase of the chord AQ. Hence 
when P is in any position the arc AP is double the chord ^Q. 

So in Fig. 22, arc -4P=2 chd. aP. 

« 

83. LetCDbeasemicycloid equal to 2)^,placed with itsvertex 
at D^ touching BB at B^ and having its cusp in AB produced. 
Draw the base Ccd^ and the axis Bi. 




Let the generating circle of GB start from rf, and roll on to 
(7, so as always to touch BB in the same point as the generat- 
ing circle of BA, Let aBh^ cBb be simultaneous positions of 
these circles ; B the point which traces out BC. Join Bh, Ph. 

Now B will come at last to C, therefore Cc=arc cB\ 

.'. arc Bb=cd=zbB=BJ^ hP. 

But the two circles cBh^ bPa are equal ; . •. chord Bb = chord bP. 

Also, lcBb=i IbPa, both being right angles ; and bc=ba; 

.'. LBbczs iPba-y .•. Bb and Pb are in one straight line. 
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Also, since Eb=bF, EP= 2i^=:arc BD ; and, as a particular 
case, GA=aTc CD. 

Also, lib touches CD at R. 

Hence, if CD were a material curve and a string were wrapped 
round it and gradually unwrapped, the part unwrapped, being 
kept straight, would lie along the tangent at the point where 
it left CDf Le. if B were the point of leaving al any instant, 
along BF. Also, the part unwrapped =BD=sBF. Hence 
the string would reach to F, and the end which was at D 
would trace out DA as the string unwrapped. 

If CU were another material equal semicycloid, having its 
cusp at C and vertex at Ey then as the end of the string was 
carried past A, along AE, the string would wrap on to CE. 

From this property DCE is called the evolrUe of DAE, 

Also B is the centre of curvature of the cycloid at P, and 
BF the radius of curvature. 

Hence the radius of curvature at F=2bF. 

See Frost's Newton, Art. 75, 76. 



VII— DYNAMICS, MOMENTUM, AND AMOUNT 

OF FORCE. 

84. Up to this point we have treated of the motions of 
points and figures as matters of pure geometry. 

For instance, knowing the velocity of a point we determined 
how far it would travel in any given time ; and so forth. 

The science, which we have thus been treating of, namely, 
the Geometry of a Moving Point's Motion, is called Kinematics. 
It is a branch of pure Mathematics, since in it we have nothing 
to do with how motion is produced in physical bodies, but 
only, taking the fact that a point, or any geometrical figure, 
has certain rates of motion, etc., we have to determine the 
relations of the motions to one another and to the spaces 
traversed in various times. 

We shall now pass on to consider the cavses of motion in 
bodies, and the effects of such causes. When we have so done, 
and have found the consequent velocities and accelerations of 
bodies, we shall be able to apply our kinematical formulae to 
determine the spaces traversed in various times. Or we may 
reverse the process. From knowing the connections between 
the spaces and times we may determine the motions of the 
bodies, and then from these ascend and determine something 
of the laws which regulate the causes of these motions. 

68 
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85. Dynamics is the science which treats of the application 
of Force to Matter. It is divided into two parts. 

1°. Statics, wherein we treat of the application of force to 
matter so as produce rest. 

2^. Kinetics, wherein we treat of the application of force to 
matter so as produce motion. 

86. We must warn the student that the above nomenclature, 
although now becoming general, is not yet everywhere em- 
ployed. Thus some works on this subject employ the .term 
Mechanics where we use Dynamics, and Dynamics where we 
use Kinetics. 

87. In this chapter we shall introduce a few physical ideas 
and terms, which are necessary for the enunciation and com- 
prehension of the Laws of Motion to be given in the next 
chapter. 

88. The student is supposed to have some idea of what is 
meant by the term Mass, as in the phrase " Mass of a Body." 
The term Quantity, or Amount, of Matter is equivalent to it 
Thus we say that the Quantity of Matter in a body is the Mass 
of the body. 

89. If all the particles of a body, or system, are moving 
with the same velocity, that velocity is called the velocity of 
the body, or system. 

90. MomerUwm, or Quantity of Motion. — ^We will now offer 
some explanation of what is meant by the term Momentum. 

Consider (1) one ball moving with a certain velocity; 

(2) two balls, each of them equal in mass to the 
first and moving with a velocity equal to that of the first ; so 
that (2) is a system of double the mass of (1). 

Then we should say that the quantity of motion of the 
second system is double that of the first; and we should say^ 
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the same thing if the two balls in (2) were joined so as to 
form one body. 

And, generally, we say that the quantity of motion of a body 
varies as the mass when the velocity is constant. 

Again, consider two bodies of equal mass, one of which is 
moving twice as fast as the other in the same direction. 

We should say that the quantity of motion of the one was 
double that of the other. 

And, generally, we say that the quantity of motion varies as 
the velocity when the mass is constant. 

The quantity of motion of a system is called its moftMfnJkwm, 

Thus we see that the momentum is a property of a system 
the magnitude of which varies, 

(I) as the mass^when the velocity is constant, 

and (n) as the velocity when the mass is constant. 

91. Let m be the measure of the mass of a system ; 

V „ „ velocity of the system. 

Then, the momentum x m when v is constant, by I, 

and X t; „ m „ by II ; 
.•. « WW when both m and v vary. 

(Hamblin Smith's Algebra^ Axt. 369.) 

[In other words, if m' be the measure of the mass of another 
system, and if the measure of its velocity, the momentum of 
the system we are considering : the^ momentum of the second 
system =iw.i; : iw'.t;'.] 

We take as our unit of momentum the momentum of a unit 
of mass moving with a unit of velocity. 
Therefore, the momentum : unit of momentum =m.t; : 1 ; 

.*. the momentum=m.t;. (unit of momentum) ; 

.'. the measure of the momentum =77i.t;. 
So that denoting the measure of the momentum by M^ we 

have 

M=im.v. 

E 
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92. Prop. If the various parts of a system are mmng in ike 
same direction, (he momentum of the system is the sum of (he 
momenta of its parts. 

Let My, M^, etc., be the measures of the momenta of the 
parts. 

Then M^ represents also the momentam of a body, of mass 
My , moving in the given direction with a velocity 1. 

Similarly for Jtf , , etc. 

Hence the momentum of the whole is the same as that of a 
system, the masses of whose parts are Mi , M^ , etc., and of 
which every part is moving in the given direction with a velo- 
city 1 ; i.6. it is the same as that of a system, whose mass 
is MY+Mt+ etc., moving with a velocity 1 ; therefore it is 
represented by (Mi+M^+ etc.).l, which =Mi+Mt+eifC. 

93. When different parts of a system are moving in different 
directions, we cannot speak of the momentum of the system. 

Let mi, m^y eta represent the masses of the parts of the 
system, 

and «i, «,, etc. represent the resolved parts of the velo- 
cities of mi,m^, etc., in some given directum. 

Then miUi , m^u^ , etc. represent the momenta of the parts 
in the given direction; and therefore miUi+miU^+ etc re- 
presents the momentum of the system in that direction. 



EXAMPLES.— XVII. 

(i.) What momentam is acquired by a mass 3 fallmg (1) for S'', 
(2) through 100 feet ? 

(2.) A body of momentam 10 is moving with velocity 2. What is 
the measure of its mass ? 

(3.) A body of momentum 27 has a mass 9. What is its velocity t 

(4.) A body of mass 5 is travelling with a velocity of 100 yards a 
minute. What is its momentum, a foot and a second being units of 
space and time ? 



CHANGE OF MOMENTUM. 67 

ft 

(5.) A body, moying with a momentom 35, travenes 7 feet in 5^ 
What is its mass ? 

(6.) Two balls of masses 2 and 3 are travelling eastwards with velo- 
cities 5 and 4 respectively, and a ball of mass 11 is travelling west- 
wards with velocity 2. What \a the momentum of the whole system 
of three balls ? 

(7.) Bodies of masses 2, 3, 4 are moving towards the east, north, 
and north-west with velocities 9, 12, 16 respectively. Find the 
momentum of the system (1) in the easterly direction, (2) in the 
northern direction. 

(8.) A bell of mass 10 travels with the acceleration 9 feet per second 
per second. At one instant its velocity is 3. What is its momentum 
a minute afterwards ? 

(9.) A ball of mass 20 has an acceleration 3 in the direction of 
its motion. By how much does its momentum change in 5 units of 
time? 

(10.) What is the change of momentum of a body in a minute, 
when its mass is 5 and its acceleration 6, a second being the unit of 
time? 



94. Change of Momefnimn, — ^Let there be a body, of mass w, in 
motion. Suppose that its velocity can be represented, at one 
instant by AB, and at another by CD, 

Draw AE parallel, and ^ 8 c 

equal, to CDy and com-> 
plete the parallelogram 
ABEF. 

Then AF represents the ^ 
change in the body's velo- 
city in the interval between the two instants. 

Let «, y, ^ be the measures of AB, CD, AF, 

Then mx in direction AB, and my in direction CD repre- 
sent the momenta of the body at the two instants, whilst mz 
in direction AF represents the change of the momentum of the 
body in the interval ; and the momentum of the system is said 
to be changed by mz in the direction AF in the interval. 
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95. Amomii of Force. 

(1.) Suppose we had a small body falling, in vacuo, from rest 
for one second. We know, as explained in Art. 59, that it 
would acquire a velocity 32*2. (A foot and a second being 
units of space and time.) 

(2.) Suppose we had the same body placed on a smooth 
horizontal plane, and an elastic string attached to it and 
fixed to some point, so that, when the string is stretched 
out and let go, the body will move along the plane without 
rotating. Now, if we attached strings of different elastici- 
ties and stretched them to different lengths, we could makd 
the body acquire different velocities within any given inter- 
val of time. Suppose then we took a string of sufficient 
elasticity and stretched it so much that, in the first third 
of a second after it is let go, the body has acquired a velo- 
city 32-2. 

(3.) Suppose we had again the same body at rest, and 
we struck it a sharp blow. The blow would take up some 
interval of time so short as to be hardly appreciable. 
After the blow is over the body would be moving with 
some considerable velocity, and by properly adjusting the 
blow we can make it move off with any velocity we choose. 
Suppose then we make it begin to move witii a velocity 
32-2. 

Here we have instances of motion communicated to matter 
by different means, namely, the attraction of the earth in (1), 
the tension of the string in (2), and the pressure of the blow 
in (3). 

In each case we have the same amount of velocity communi- 
cated to the same amount of matter, and therefore we say that 
an equal amomd offeree has been applied in each case. 

"We took care that this velocity should be communicated in 
times of different lengths, to bring out the fact that the 

tea of the amount of force expended is not connected with 
e length of the time taken to produce the velocity. 
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96. Def. By two amounts of force being equal or the same, 
we mean that they can produce equal amounts of velocity in 
the mmt body, whatever may be the lengths of the times 
taken for the purpose. 

[Two masses are considered to be equal when the same 
amount of force will produce in each the same velocity.] 

Further, we say that one amount of force is double another 
when the mass of a body, in which it will produce any parti- 
cular velocity, is double the mass of a body, in which that 
other will produce an equal velocity. We justify this state- 
ment as follows : — 

Suppose the first body to be divided into two parts of 
equal mass. Each of these halves will require the same 
amount of force that the second body does, in order to gener- 
ate in it any the same velocity as in the second, and therefore 
both these halves together, t.€. the whole first body, will re- 
quire double this amount of force. 

Grenerally, we can say that amounts of force are proportional 
to the masses in which they produce equal velocities. 



VIIL— THE LAWS OF MOTION. 

97. We shall give in this chapter the fandamental principles 
of Dynamics. They are three in number, and are caUed the 
Laws of Motion. The first two were recognised by Galileo 
and his successors; and the third was distinctly enunciated 
first by Newton. 

The forms in which we state them are translations of those 
given by Newton in his PriruApia. 

No rigorous proof of these laws can be given to the student 
at the outset. All we can do is to give, in some cases, a few 
simple experiments, which, as far as they go, suggest the truth 
of the laws. The real proof lies in the fact that the results of 
calculations with regard to motions of bodies, however com- 
plicated, when worked out from these principles, are found to 
agree with the results of observations made on the bodies 
themselves. 

98. First Law of Motion. — Every body corUinries in Us oton staU 
of rest, or of umform motion in a straight line, except in so far cts 
it may be compelled by external forces to change that state. 

99. Facts suggesting the Law: — 

(L) ''Daily observation makes it appear to us, that any 
body, which we once see at rest, never puts itself into fresh 
motion ; but continues always in the same place, till removed 
by some power applied to it."^ 

^ Pemberton*8 View of NewtorCa PhUo8ophy, London, 1728. Whence 
also much that is set down in this chapter has been derived. 
70 
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(2.) K a stone is thrown along ice, the smoother the ice is the 
farther it will go in a straight line. Now the only force acting 
on it is the roughness of the ice, and we see that the smaller 
this becomes the less change there is in any given tinie, lead- 
ing us to suppose, that, if there were no roughness, there 
would never be any change in the motion, and that what 
change there is, is just as much as the roughness is capable 
of producing. 

(3.) K a carriage is suddenly stopped, the . passengers ap- 
pear to be shot forwards. Now, since they are not rigidly 
attached to the carriage, we suppose that the force, which 
stopped ity has not to a sufficient extent been applied to 
Uiemy and that therefore their motion is in some degree pre- 
served. 

(4.) If the carriage be suddenly turned round a comer, the 
passengers have a tendency to keep their old directions. This 
suggests that, unless the force acts to a sufficient extent on 
them as well as on the carriage, the direction of their motion 
will be, more or less, preserved. 



100. This law states, that no change in the state of rest or 
motion of a body will take place, unless there be applied 
to the body a cause, or force, arising from some source 
external to the body; and that, where there is a change, 
whether it be in the direction, or in the magnitude, of 
the motion, an adequate amount of external force has acted, 
and the change is just as great as this amount is adequate to 
produce. 

For example, take the following case in addition to those 
already given : — 

When a top is spun it goes on rotating uniformly, except 
m so far as it is retarded by the frictions of the air around it 
and of the surface supporting it ; and by diminishing these we 
may increase the time it will rotate. 



7 2 THE LA WS OF MOTION. 

We are thus led to suppose that, if the top were spun in 
v(wm on a smooth surface, it would always go on rotating 
uniformly. 

Again, consider the motion of any particle of the top. It 
moves in a circle, so that a change in the direction of its 
motion is continually taking place. Now for the cause of this 
change we look to tiie cohesion between it and the surrounding 
parts of the top. As much of this force of cohesion being 
called into play as \& sufficient to make each particle move at 
every instant in its owq circle, instead of continuing to move 
in the straight line which is the tangent to the circle at the 
then position of the particle. 

In Law II. we are told what force is adequate to the pro- 
duction of any given change of motion, whether in direction 
or in magnitude. 

101. Second Law of Motion. — Change of momefnivm is pro- 
portiongil to the amomd of external force jprodudng it, and is in the 
direction of the line of action of the force. 

102. The truth of this law depends on that of the two 
following Facts : — 

The effect of the same amount of force is always the same, 

(I.) Whether the body, to which it is applied, be previously 
at rest, or in motion ; 

(II.) Whether it be applied alone, or in conjunction with 
other forces. 

We shall first give some illustrations of these facts suggest- 
ing their truth, adding the geometrical statement of each ; and 
after that we shall show how to deduce the law from them. 

The student must remember the observation in Art. 97, as 
to the ultimate proof of the Three Laws. 

Also we suppose in our investigations that the bodies acted 
on are particles, or, if of finite size, are so acted on that no 
rotation is produced. The student must defer for the present 
the consideration of rotating bodies. 
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103. I. That the same amount of force always has the same 
effect, whether the body be previously at rest or in motion, 
may be suggested by the following considerations: — 

(1.) K a certain amount of force be applied to a body 
apparently at rest on the earth's surface, the effect will be the 
same, in whatever direction the force acts, and whatever posi- 
tion on the earth the body has. 

Now any body, apparently at rest on the earth, is always 
being carried forward in the same direction, but with dif- 
ferent velocities according to its position on the eartL Yet, 
as we have said, the effect of the same amount of force is 
always the same in magnitude, and therefore we cannot doubt 
but that it would be the same, if the body were absolutely 
at rest. 

(2.) Again, any moveable body on board ship is as easily 
moved in any direction, whether the ship be at anchor or in 
steady motion. Thus, if a ball be projected with any force 
along the deck of the ship, it will go, relatively to the ship, 
just as far and in the same direction, whether the ship be 
moving or not. Now the motion relatively to the ship is due 
to the force of projection alone. Hence we see that the motion 
which it has in common with the ship does not affect, either 
in direction or in magnitude, the motion produced by the 
force. 

(3.) A stone, dropped from the top of a mast of a ship in 
motion, is found to fall at the foot of the mast. 

Now, if it had not been dropped, it would have been carried 
forward through a certain horizontal distance, and, when it is 
dropped, it is carried forward in the horizontal direction 
through an equal distance. 

This shows that the effect of gravity has not altered the 
horizontal motion of the stone, and therefore (Art. 27, ad 
jinem) whatever change of motion gravity may have produced 
\& in the vertical direction, which is the direction in which 
gravity produces motion in a body previously at rest. 
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If, moreover, the time of falling could be noted, we should 
find that it would always be the same, whatever was the 
horizontal motion of the ship, showing that the magni- 
tude of the effect of gravity is the same, whatever be the 
previously existing motion of the stone, and is therefore the 
same as when gravity acts on the stone initially at rest 
This latter point will, however, be more simply exhibited 
in the following way. 

(4.) If a number of balls be projected horizontally at the 
same instant from a platform, with different velocities, they 
all reach the ground at one instant — one knock only is 
heard. 

Hence gravity has pulled all the balls through the same dis- 
tances in the same time. 



104. The following is the geometrical statement of this 
Fact. 

Let a body be moving with a velocity represented by AB, 




£ 

Fio. 20. 



Let any single amount of force be now applied to the body. 

Let OD represent the velocity which it would produce 
in the body when initially at rest. Then this fact states 
that after this application the body's velocity will be changed 
by the velocity CD \ i.e. that, as before it was moving with 
velocity AB alone, it is now moving with velocities AB 
mdCn. 
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Of course to find the resultant velocity we must compound 
as in Art. 20, i.«. draw AE equal, and parallel, to CB^ and 
complete the parallelogram EB, Thus the diagonal AF re- 
presents the resultant yelocily. 

As particular cases, obseive that, if CD is in the direction 
of ABy the resultant velocity is equal to the sum of the two, 
and, if GB is in the opposite direction, it is equal to their 
difference. 

105. n. That the same amount of force will always pro- 
duce the same effect, whether it be applied alone or in con- 
junction with other forces, is suggested by the following 
considerations : — 

(1.) A body is placed on the deck of a ship, which is rough, 
so that the body cannot slide on account of the ship's motion, 
and the ship is towed by a tug, which always keeps alter- 
ing the pace of the ship ; then it is always exerting a force on 
the ship, and therefore also on the body. If now we move 
the body about on deck in any direction, we find that we 
require the same amount of force to produce the same motion 
as when the ship is at anchor or moving steadily. 

(2.) If balls be let fall, each down one of a number of smooth 
and ezactiy equal pipes held vertically and carried forwards 
horizontally at different and varying rates of motion, it will be 
found that the time of falling in each of the pipes is the same, 
and equal to what it would be if the pipes were at rest or if 
the balls were falling and the pipes not there. 

Now, during their fall the balls were subject to the action 
of gravity and of the pressures of the sides of the pipes, these 
last being different in magnitude at different instants and on 
different balls, but always horizontal in direction. 

Hence we see that the vertical effect of gravity is the 
same, whether the balls be acted on by horizontal forces or 
not. 

Other experiments would be too complicated for explanation 
in this.treatise. 
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106. The following is the geometrical statement of this Fact 
Let a body be moving with a velocity represented by AB, 




Fio. 27. 



Let any two amounts of force be now applied to the body. 

Let CB^ EF represent the velocities which they would 
respectively produce, if each acted alone on the body initially 
at rest. 

Then this fact states tha{ after this application the body's 
velocity will be changed by the velocities CDy EF, i.e, that, as 
before it was moving with the velocity AB alone, it is now 
moving with the velocities AB, CD and EF. 

To find the resultant velocity, we can compound these 
together as follows : — 

Draw AG and AH equal, and parallel, to CD and EF ; com- 
plete the parallelogram GH Then the diagonal A J repre- 
sents the resultant of CD and EF, and therefore the total 
change in the body's velocity. Now complete the parallelo- 
gram BJ, Then the diagonal AK represents the resultant 
velocity of the body. 
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107. From these two facte we can say that the change of 
velocity produced by any force on a body, whether it be in 
motion or not, whether it be acted on by other forces or not, 
is the same in direction and magnitude as that force would 
produce if it acted on the body at rest. 

Now, first, the direction of the motion produced by a force, 
acting alone on a body at rest, is called the line of action of the 
force. Hence one part of Law 11. is true, viz., that ihb thamgt 
produced by a force ism the line of action of the force producing U. 
Secondly, let any amount of force be applied to a body at 
rest, it will produce a certain velocity. After this let an equal 
amount be applied in the same direction; so that we have 
now a double amount of force applied. This second amount 
will produce (by Fact I.) the same change of velcft:ity as if it 
alone acted on the body at rest, i.e, it will produce an amount 
of velocity equal to what the first did, and in the same direc- 
tion, which will therefore be added to the velocity produced 
by the first. Hence we obtain a double velocity with this 
double amount of force. And, if we again applied an equal 
amount of force, we should have applied a triple amount of 
force upon the whole, and should obtain a triple amount of 
velocity. 

Proceeding in this way, we see that the velocity produced 
by any amount of force is proportional to that amount, when 
the body is initially at rest, and, therefore also, by Fact I., 
when the body is initially in motion, and, by Fact II., when 
other forces are acting. This has been proved by consider- 
ing the forces always to act on the same body. But the same 
holds good, if the force acts on different bodies having equal 
masses ; for an amount of force will produce the same velo- 
city in equal masses whether of the same kind of substance or 
not. Art. 96. • 

Now consider bodies of different masses. By the definition 
of Art. 96 and Facts I. and II. the amount of force varies as 
the mass, and therefore as the measure of the mass, when the 
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change in the velocity is constant. And from above, it varies 
as the change in the velocity, and therefore as the measure of 
the change, when the mass is constant Hence, when both 
vary, the amount of force varies as the product of the mea- 
sures of the mass and of the change in the velocity, %,e, as the 
measure of the change of momentum (Art. 94), and therefore 
as the change of momentum, or, th& change of mom&idvm is jpro- 
portionai to the amount of force producmg it, 

108. Ex, Suppose a certain force to act on a body, such that, 
after its application, the velocity of the body is changed by a 
velocity of 1000 yards an hour. If an equal amount of force 
were to act in the same direction on a body of twice the mass 
of the former, its change of velocity would be in the same 
direction as that of the former, and equal to a velocity of 500 
yards an hour. 

EXAMLPES.— XVIII. 

(i.) A body is traveUixig with a velocity of 30 feet a second, when a 
certain force acts on it, and it subsequently moyes with a velocity of 
50 feet a second. After that, an amount of force doable that of the 
former acts on the body. With what velocity will it then be moving ? 

(2.) Two amounts of force are applied, one to one mass, and the 
other to another mass three times as great as the first, and produce 
velocities 30 and 20 respectively. What is the ratio between these 
two amounts of force ? 

(3.) A string is stretched twice to the same length, and attached to 
two different bodies. At the instant when it becomes slack the 
bodies are moving with velocities in the ratio of 3 to 5. Determine 
the ratio between their masses. 

(4.) If two masses, in the ratio of 3 to 7, are let fidl, what is the 
ratio between the amounts of force exerted on them by gravity, (1) in 
the first second of their fall, (2) in falling through 64 feet ? 

(5.) A certain force applied to a mass, whose measure is 2, generates 
a velocity 5. What velocity will three times this amount of force 
generate in a mass 3 ? 



THE LA WS OF MOTION. 79 

(6.) A body of mass 3 is moving with the velocity 2. What 
amount of force, acting perpendicularly to the original direction of 
motion of the body, will be necessary to turn the direction of motion 
through an angle of 60° 1 

(7.) Two bodies are moving in parallel directions with the same 
velocity, and, the same amount of force being applied to each perpen- 
dicular to its original line of motion, their directions of motion are 
changed by 30° and 45° respectively. Compare their masses. 

(8.) From a balloon at a given height, and rising vertically with a 
given velocity, a stone is let fSedL Find the velocity with which the 
stone will strike the earth, neglecting the resistance of the air. 

109. Third Law of Motion. — To an action there is always am 
equal a/nd opposite reaction ; or, the muttud actions of two bodies are 
always equals a/nd directed towards opposite parts. 

110. Illustrations of Law IIL 

(1.) If anything presses against, puUs, or attracts another, 
this other presses, pulls, or attracts the first with a force, 
equal in amount, but in exactly the opposite direction. 

(2.) If a load is drawn by a horse, the load reacts on the 
horse as much as the horse acts upon the load ; for the harness, 
which is strained between them, presses against the horse as 
much as against the load, and the momentum of the horse 
forwards is diminished by as great an amount as that by which 
the momentum of the load is increased. 

Thus, during any interval, letP be the amount of force tending 
to make the horse move forward, T the amount (exerted by 
the harness) tending to pull him back. Then this law states 
that T IB the amount exerted by the harness on the load tend- 
ing to make it move forward. Let F be the amount tending 
to retard the load. Let m and m' be the masses of the horse 
and load. 

Since, by Law 11., any amount of force is proportional to the 
momentum produced by expending it, we may put the measure 
of any force =c. (the measure of the momentum produced), 
where c is a constant. 
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Hence the velocity produced by P in the horse =~ > 

_T 
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.', the resultant velocity produced during the interval 
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in the horse =— — — > ' 
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and that in the load =rr7— —7 ; 
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and these are equal : .•. =zr/~z:7 > 

^ ' m m m m 

.-. T{m+m')=P.m'+F.m. 

If P is just sufficient to keep up the velocity which the horse 

and load have, the velocity produced during the interval is zero. 

Hence, in this case, =0=— , 7; .'. P=T=F, 

mm mm 

(3.) Again, when a stone is falling to the ground, the earth 
attracts the stone with a certain force, and the stone attracts 
the earth with an equal force. 

Thus let M denote the momentum which this force can 
generate in any given interval of time (t), and m the mass of 
the stone, m' that of the earth. 

Then during any interval, equal to t, of its fall the stone 

M 
would acquire a velocity — towards the earth, and the earth 

M 
a velocity —-7 towards the stone. 
cm 

M M 
Since the ' ratio m' :m is so large, the ratio — 7 : — 

° ' cm am 

is so small, that the velocity acquired by the earth is inap- 
preciable compared with that of the stone. 
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These instances are sufficient to aflford some notion of the 
meaning of the Law. Its truth cannot be exhibited by any 
simple experiments. A strong confirmation of it will be found 
m the agreement of the results of obseryations on the impacts 
of bodies with the results of calculations with regard to these 
impacts, on the assumption that this Law holds, as explained 
in Chapter XII. 

Note. — ^The term Inertiii is applied to that property of 
matter, on account of which a body requires, as stated in 
Law I., some external force to act on it before any motion, 
or change of motion, can be produced in it. 



F 



IX.— inSOELLANEOnS FBOFOSITIONS. 

111. Let a pair of forces act on a body in directions Ax, 
Ay, not necessarily for the same time, or for equal times. 




Fio. 28. 

Let the velocities which they generate in the body be re- 
presented by AB, AC. Complete the parallelogram BO. 

Now the diagonal AD represents the residtant velocity, 
which the body has acquired on accoimt of the action of both 
forces. 

Hence a single force acting in direction AD, and of which 
the amount expended was such that it would generate the 
velocity ADy would have the same effect as the two forces of 
the pair, and is therefore their resultant. 

Now since these two forces, and also their resultant, act on 
the same body, the amounts of force expended by them are 
proportional to the velocities they generate (Art 107). 

82 
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Hence, on the same scale that the adjacent sides of a parallelo- 
gram represent two component amounts of force, the diagonal 
through their point of intersection represents the resultant 
amount of force. 

Hence amounts of force can be compounded, and resolved, 
according to the Parallelogram Law, in the same way as forces 
are in Statics (or, in other words, as the statical effects of 
forces). 

112. We will now give some more extended examples of the 
application of forces, similar to those in Art. 95 ; especially for 
the purpose of explaining the meaning of the term IntensUy of 
a Force. Take the following cases : — 

(1.) A body containing 60 units of mass falling from rest 
for one second. It acquires a velocity 32'2, and therefore 
(Art. 91) a momentum 1932. 

(2.) A body containing 120 units of mass falling from rest 
for half a second. It acquires a velocity 16*1 (Art 59), and 
therefore a momentum 1932. 

(3.) A body containing 40 units of mass pulled by a string, 
as in case (2.) of Art. 95, of sufficient elasticity, and stretched 
so much, that in the first third of a second the body acquires 
a velocity 48*3, and therefore a momentum 1932. 

(4.) A body containing 30 units of mass, struck with a sharp 
blow, such that it acquires a velocity 64*4, and therefore a 
momentum 1932. 

Now, in all these cases^ it will be observed that, though 
different masses acquire different velocities in different times, 
yet they all acquire the same momentum. 

Hence^ Art. 95, the same amomU of force is applied to 
each. 

If the body in (2.) were to go on moving for a whole 
second from rest, it would acquire a velocity 32*2, and a 
momentum 3864, and therefore the amount of force applied 
would be double that in any of the four cases. And if it went 
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on moving for V from rest, it would acquire a velocity 64*4, 
and a momentum 6928, and now therefore the amount of 
force would be four times that in any of the four cases. 

But now we see that the momenta in (2.) and (3.) have 
been produced respectively in \ and \ of the time, in which 
an equal momentum was produced in (1.) We say therefore 
that the intensities of the forces acting in (2.) and (3.) are upon 
the whole 2 and 3 times as great as the intensity of the force 
acting in (1.) 

Also the time taken up by the blow in (4.), though really 
finite, yet is so inappreciable, and therefore the ratios of its 
duration to that of the times in (1.), (2.) and (3.) so very 
small, that we often say that the time of action of such a force 
is infinitely small, and therefore that the intensity of the force, 
upon the whole, is infinitely great as compared with the in- 
tensities of those in (1.), (2.) and (3.) 

113. Again, if we observe the rate at which the velocity in 
(1.) is generated, we see that equal amounts are generated in 
equal intervals of time, however small, and in whatever part 
of the fall they may be taken ; and the same is true of (2.) 
We express this fact by saying that the force acting in (1.) 
and (2.), namely the force of attraction of the earth, is uniform, 
or that its intensity is always constant. Thus the force in (1.) 
has one uniform intensity, and the force in (2.) another ; and 
Airther, we should say that the intensity of the force in (2.) 
was twice as great as the intensity of that in (1.) 

But now, if we observe how the velocity is generated in 
(3.), we shall see that it is produced much more quickly at the 
beginning of the motion than at the end. Thus, if we could 
detect the changes of velocity in two intervals, each ^hy ^^ * 
second long, one near the beginning, and one near the end of 
the third of a second, we should find that the velocity pro- 
duced in the first interval is much greater than that produced 
in the other. Here we should say that the force acting. 
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namely, the tension of the string, is variable, and that its 
iniensiiy varies. Therefore we cannot speak of the intensity of 
the force, as in (1.) and (2.) ; but we must speak of the intensity 
of the force, at some one instant of the time of motion, or at 
some one point in the path of the body while the motion is 
being communicated. 

Further, if we think of doing the like with (4.), we find 
that the whole time of the force's action is so extremely short 
that we can hardly even conceive in our minds any division of 
it; so that we cannot distinguish between one instant and 
another in it; but we must look upon the whole as almost 
instantaneous. 

Also, the body has no time to move with the velocity it 
acquires at the beginning of the blow before the whole blow is 
completed, and thus we can hardly conceive of any change of 
position taking place during the blow, and we cannot speak of 
the path of the body while the motion is being communicated 
to it 

So that, although the intensity of the blow probably goes 
very rapidly through very great variations, and is much less 
just at the beginning and end than in the middle, yet we can- 
not speak of the if/UensUy at a/ny instant; but must content 
ourselves with finding the amoimt of force expended during 
the whole blow. And indeed we do not need to know the 
intensity at any instant, for there is no question of how far 
the body is moving during the blow, but only how fast and 
with what momentum it is moving after the blow is over. 

The student will now understand the saying, that, the in- 
tensity of a force is the degree of rapidity with which it can 
generate momentum in bodies. 

114. Forces, such as those in (1.), (2.) and (3.), which 
require a finite time to generate a finite momentum, are called 
FinUe Forces. 

Forces, such as that in (4.), which require an infinitely 
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short time to generate a finite momentum, are called Impulsive 
Forces, or Impdses. 

Probably, as we have indicated, there are no forces in 
nature which can accurately be called impulses. Yet with a 
large class of forces, with which we meet, we make no ap- 
preciable error by discussing them as if they were impulses, 
i.e, by neglecting the time they take in propagating the 
motion, as well as the space through which the body acted on 
has moved during that time, and by looking only to the whole 
change in momentum produced by them. 

When a force is spoken of it is generally understood that a 
finite force is meant, unless an impulsive force is specially 
mentioned. 

115. By the intensity of a force at any instant being twice 
as great as that of another, we understand that, if the intensity 
of each force remains constant for any the same length of 
time, the momentum generated by the first is twice as great as 
that generated by the second ; and, generally, we say that, the 
intensity of a force at any instant is proportional to the mo- 
mentum which the force can generate in some given interval, 
supposing it to retain this intensity throughout the interval. 

Hence also it is proportional to the amov/nt of force then 
expended during the interval, i,e. to the amount of force 
required to produce the momentum. 

Hence, by Art. Ill, intensities of forces can be compounded, 
and resolved, according to the Parallelogram Law. 

We shall afterwards show that the intensity of a force is 
proportional to its statical effect, i,e, that a force, which is 
double some other according to the statical test, will in any 
the same time produce double the momentum that the other 
wiU. 

When a force of a given intensity is spoken of, we mean 
that the force retains the same intensity for the whole time of 
its action. 
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116. The following case may tend to explain the &ct that 
there is no line to be drawn between impulsive and finite 
forces in kind, that the difference is only one of degree ; in 
other words, that an impulse is only a finite force, whose 
duration of action is finite, though of inappreciable length. 

In case (3.) of Art 112, if we successively applied to the 
body strings of greater and greater elasticity, and stretched 
them more and more, we should find that the required mo- 
mentum could be produced in shorter and shorter intervals of 
time, i.e. they would become of less and less appreciable 
lengths. It would seem, therefore, that, by taking strings of 
sufficient elasticity, there need be no limit to the diminution 
of the length of time required to produce any given mo- 
mentum; and, therefore, no limit to the diminution of the 
errors we should make in regarding the time of action of very 
strongly elastic strings as practically zero, and the intensities 
of the tensions while they last as infinitely great 

117. In Art 113 it was stated that the intensity of a force 
is uniform when equal velocities are generated in a body in 
equal times. Hence a force of uniform intensity produces a 
uniform acceleration in the motion of the body which it acts 
on. 

118. Ex. Two forces, A and £, of uniform intensities, act as 
follows : — 

A acts on a mass 30 for 5 seconds and generates a velocity 9, 
B „ 40 „ 2 „ „ 10. 

Determine the ratio between the amounts of force expended, 
and compare the intensities of the two forces. 

V. The momentum generated by ^ is 30 X 9=270, 
„ „ jB „ 40x10=400; 

therefore the ratio between the amounts of force expended 

=270 : 400, 
= 27 : 40. 
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S"*. A generates a velocity 7 in a second, and therefoTe a 
momentum 30xf (=54) in a second, 

B generates a velocity ^ in a second, and therefore a 

momentum 40 x ^=200) in a second ; 

.-. the intensity of A : the intensity of JS=54 : 200s27 : 100. 

119. By the term Magnitude of a force, we mean, the 
intensity of the force when we are speaking of Finite Forces, 
and the amount of force exerted when we are speaking of 
Impulses. 

Instead of the phrase "^ magnitude of a force," we often, for 
shortness, use that of ^ a force." Thus by a certain finite force 
we mean ^'a finite force of certain specified intensity;" and by 
a certain impulse we mean ^*an impulse of c^i;ain specified 
amount of force." 



EXAMPLES.— XIX. 

(i.) If a force act on a body for 3 seconds and generates a relocitjr 
60, deteimine the acceleration. What would be the acceleration 
which this force could generate in another body of double the mass ? 

(2.) Show that the intensity of gravis when actiiig on a body varies 
asitsmaas. 

(3.) Two bodies of masses 3m and fym, are acted on by forces which 
produce in their motions accelerations 7 and 9 respectively. Compare 
the intensities of the forces ; and also the amounts of Ibroe ei^nded 
on the two bodies in any the same time. 

(4.) Two forces, whose intensities are in the ratio of 3 : 5, act on 
two bodies and communicate velocities 5 and 11 in 3^ Determine 
the ratio between the masses of the bodies 

(5.) One force acting on a given mass fwodoces a velocity 100 in 3^, 
and a second force acting on another mass produces a velocity 1000 
in 3^ Given that the intensities of the forces are in the ratio of 7 : 11, 
determine the ratio between the masses of the bodies, and compare 
the amounts of force expended on them. 
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(6.) If two bodies propelled from rest by the same miiform pressure 
describe the same space, the one in half the time that the other does, 
compare their final velocities and momenta. 

(7.) A force ^P generates in a body in one minute a velocity of 1300 
miles per hoar. Which is the greater force, jP, or gravity ? 



120. We can now show that the tests in Statics and in 
Art 115 for one force being eqnal to, or doable of, another, 
agree. 

Let there be two forces equal to one another according to 
the test in Art 115, so that they generate in equal times 
equal momenta in bodies initially at rest 

Then, by Art 91, when applied to the same body, they 
generate equal velocities in equal times. 

Let them be simultaneously applied in opposite directions 
to a particle. By Art 105 their joint e£fect is the difference 
between the effects they would produce, if applied singly to 
the particle at rest ; but these two effects are equal. Hence 
their joint effect is m2, t.«. they are equal according to the 
staticad test 

Again, let one force be double either of two others according 
to Art 115, so that the momentum, which it will generate in 
any given time in a body initially at rest, is double that 
generated by either of the two others. 

Let the two forces be applied to a particle in one direction, 
and the one force in the opposite direction. As above, by 
Art 105, we can show that their joint effect is m2, and there- 
fore the one force is double either of the other two according 
to the statical test 

Proceeding in this way, we can prove the agreement of the 
two tests for one force beings times another, {.«. the intensity 
of a force is proportional to its statical effect. 

Hence the intensity of one force : the intensity of a second 
= the statical effect of the first : the statical effect of the 
second. 



90 MEASURES OF FORCES. 

121. From the fact that the intensity of a force is propor- 
tional to the momentum it can generate m sotm given time, we 
can obtain an expression for the measure of an intensity. 

We may first state the fact as follows : — 

Let one force, acting on a mass m for some given time, 
generate a velocity v\ let a second force, acting for the same 
time on a mass m', generate a velocity v\ Then, the intensities 
of the forces remaining constant throughout, we have the 
intensity of the first force : the intensity of the second force 

Now we take as our unit of intensity that intensity which, 
if a force retains it for a unit of time, will in that interval 
generate a unit of velocity in a unit of mass. 

Suppose then the above forces to act for a unit of time ; and 
take the unit of force for the second, and let it act on a unit 
of mass, then m'=l and v'=l. Also take the force, the 
measure of whose intensity we are going to express, for the 
first ; then, this being constant, equal velocities are generated 
in equal times, Le, the acceleration of m is constant. Hence, 
Art. 39, the measure (a) of this acceleration is equal to the 
measure {v) of the velocity generated in a unit of time. 

Hence the intensity of the force : unit of intensity =m.a : 1.1 ; 
therefore the intensity of the force =wia. (unit of intensity) ; 
i,e, the measure of the intensity=7wa. 

K now we denote this measure by F, we have 

F=im,a. 

122. We know that a body falling fireely has an acceleration 
g. Hence, if /F is the measure of the weight, i,e, the inten- 
sity of the earth's attraction on the mass m, 

W=^m,g. 

123. We obtain an expression for the measure of an impulse 
from the fact that an amoimt of force is proportional to the 
momentum it can generate. 
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Let one amoimt of a force be expended on a mass m^ and 
let V be the resulting velocity. Let a second amoimt be 
expended on a mass m', and v' be the resulting velocity, then 
first amount : second amount s= m.t; :7n'i;'. 

We take as our unit of amount that which will generate a 
unit of velocity in a unit of mass. 

Now take this unit for our second amount, and let the mass 
it acts on be the unit of mass, then m's 1 and t^= 1 ; also take 
the amount of force, whose measure we wish to express, as 
the first amount. 

Then the amount of force : unit of amount=m.i; : LI ; 
.'. the amount of force =m.i;. (unit of amount) ; 
.*. the measure of this amount =m.t;. 

So that, with the above units, the measure of any amount 
of force is equal to the measure of the momentum it can 
generate. 

Now, by " an impulse" we have said we mean " an amount 
of force produced by an impulse." 

Hence, if an impulse will generate a velocity 1; in a mass 
m, we say that the measure (jP) of this impulse is mx,^ or 

Also by the unit of impulse we mean such an one as will 
generate a unit of velocity in a unit of mass. 

124. We generally take a foot and a second as our units 
of space and time, and then our units of velocity and accelera- 
tion are determined by Art. 8, 38. 

We have not yet stated what force and what mass we 
intend to take for our units of force and mass ; we have only 
laid down certain conventions as to the relations which shall 
hold between them, so that when one is settled, the others are 
determined also. 

We generally define our units of mass and force by means 
of a certain mass defined by Act of Parliament, cdled the 
Pound Avoirdupois. 
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1°. Take as our v/aU of finite force the inteiiBity of the weight 
of the above mass. 

Tofimd the wait of mass. Let m be the measure of the above 
mass, then, the measure of the intensity of its weight being 1, 

we have, Art 122, l=m.^.; .'. ^1=—-; 

i.e, the above mass is — of the unit of mass. 

9 
Hence our vmt of m/oss is g times the mass of a pound 

avoirdupois. 

Then our vmt of impdswe force is that which can generate a 
velocity of one foot per second in this unit of mass. 

2"". Take as our unit of mass the mass of one pound avoir- 
dupois. 

To find the wait of force. Let F be the measure of the 
intensity of the weight of this mass, then, the measure of its 
mass being 1, we have, Art 122, F=g ; 

ie. the weight of this mass is g times the unit of force. 

Hence o\atmit o/(finite)/orce is the weight of — of the mass 

of a pound avoirdupois. 
Of these two systems we generally adopt the first. 

125. Further, whichever of the above systems we take, the 
unit for measuring forces statically is always the force (call 
it A) whose intensity is the unit of intensity. 

Now let / be the measure of the statical e£fect of any force 
(P), then statical effect of P : statical effect of A =/ : 1 ; 
.*., Art. 120, intensity of P : intensity of A =/ : 1 ; 
.'. intensity of P=/. (intensity of A) ; 
.'. the measure of the intensity of P=/. 
Hence the statical effect of a force and its intensity are both 
measured by the same number. 

Hence generally when we talk of a force we mean indis- 
criminately its intensity or its statical effect 
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EXAMPLES.— XX. 

• 

[ (i.) What is the mass of a body whoee weight is 64 Ibe. ? 

(2.) What is the weight of a body whose mass is 3^ ? 

(3.) A force 30 acts on a inass 6 for a second ; determine the Telo- 
city produced. 

(4.) Determine the aooeleiation pxodnoed in the motion of a mass 8 
by a force 6. 

(5.) What momentum will a force of 6 lbs. produce in 10^ ? 

(6.) A force of sufficient intensity just to support 6 lbs. acts on a 
mass 10 ; determine the acceleration produced. 

(7.) A force of 12 lbs. acts on a mass of 20 lbs. weight ; determine 
the acceleration. 

(8.) Determine the mass of a body, on which if a fotoe of 6 lbs. act 
for 12^', a velocity of 16 feet per second will be produced. 

(9.) What force will produce an acceleration 6 in a body whoee 
weight is 6 lbs. f 

(10.) An amount of force 15 is exerted on a mass 3 ; determine the 
velocity generated. 

(11.) What impulse will be required to produce a velocity of 7 in a 
mass weighing 8 lbs ? 

(12.) A weight of 15 lbs. having fiillen through 100 feet ; determine 
the amount of force necessary to stop it. 

(13.) When a mass of 20 lbs. weight fSeJlB to the ground from a 
height of 25 feet, determine the shock on the ground. 

(14.) In what time will a force, which would support 5 lbs. weight, 
move a mass of 10 lbs. weight through 50 feet along a smooth hori- 
zontal plane, and what will be the velocity acquired ? 

(15.) Find the number of inches through which a statical pressure 
of one oz. constantly exerted will move a mass weighing one pound 
in half a second. 

(16.) In what time wiU a force, which wiQ just support a weight of 
1 lb., move a weight of 6 lbs. through a space of 96 feet on a smooth 
horizontal table t 

(17.) If a velocity of 100 feet per second is generated by a constant 
force acting upon a body, weight 1 lb., in five seconds, what weight 
would the force statically support ? 
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(i8.) A force, which would support 50 lbs., acts for a minute on a 
body weighinf( 300 lbs. ; find the velocity it produces. 

(19.) A force acting for 10^ produces a velocity of 5 miles an hour 
in a body weighing 1 cwt. 20 lbs. Find the magnitude of the force 
in lbs. 

(20.) A weight of 20 lbs. lying on a smooth horizontal table is 
moved by a force equivalent to 2} lbs. ; find the acceleration of its 
motion. 

(21.) What is the magnitude of a blow which will start a weight of 
5 lbs. with the velocity 100 feet a second ? 

(22.) A railway train moving at the rate of 23 miles an hour is 
brought to rest in 3 minutes, the retarding force of the engine being 
supposed uniform during the time. Show that this force : weight of 
the trun as 11 : 1890 (assuming ^ to be 32*2). 

(23.) What must be the relation between the magnitudes of the 
units of time and space, in order that the unit of mass may be the 
mass of a unit of weight ? 

(24.) What pressure will be required to produce in 8'' a velocity of 
64 feet per second in a weight of 644 lbs. ? 

(25.) A locomotive 10 tons weight, setting out firom rest, acquires 
a velocity of 20 miles an hour after running through a mile on a 
horizontal plane, under the action of a constant pressure. Calculate in 
pounds approximately the difference between the moving and resist- 
ing forces. 

(26.) A foot and a second being units of space and time, and the 
unit of acceleration that which generates in a second a velocity of one 
foot a second, and the mass of a cubic foot of water, which weighs 
1000 oz., being unit of mass ; find the unit of weight. 

(27.) A ball of 10 lbs. weight is held in the hand and lowered with 
an acceleration (1) of 10 feet per second per second, and (2) of 40 feet 
per second per second. What are the pressures on the hand in the 
two cases? 

(28.) What is the unit of weight when the unit of mass weighs 
5 lbs., and a foot and second are the units of space and time ? 

(29.) The scale-pans of a pair of scales being first allowed just to 
rest on a horizontal table, Uie fulcrum is raised (1) gradually, or (2) 
with a jerk ; of what is it that the relative amount is immtdiciJULy 
measured in the respective cases ? 
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126. We shall often have to coxiisider a problem siimlar to, 
or a particular case of, the following : — 

Let a number of finite forces act, in one plane, on a body of 
mass m ; and let their action be such that it moves without 
rotation. 

Draw in the plane two lines. Ox and Oy, 

Each force is equivalent to two components, one parallel to 
Ox and the other to Oy, 

Let X and Y denote the algebraic sums of these two sets of 
components respectively. 

Then the system is equivalent to the two forces X and Y, 

Let the acceleration of the body's motion, produced by the 
given system, be equivalent to the two components a and )9, 
parallel to Ox and Oy» 

Then X and Y between them must be capable of producing 
these accelerations. Also, each force produces the change in 
its own direction, by Law II. j .'. X produces a, and Y pro^ 
duces ^ ; 

.'., Art. 121, X=77ia, Y=mp. 

Grenerally Ox and Oy are at right angles to one another, and 
then X and Y are the sums of Uie resolved parts of the forces 
in the directions Ox and Oy, 



127. Similarly, if the forces be impulsive, let X and Y 
denote the algebraic sums of the resolved parts, in two per- 
pendicular directions, of the amounts exerted by the forces ; 
u and V the changes in velocity, in the directions of X and F, 
produced by the forces. 

Then, as in Art. 126, u is due to X, and 9 to F; 

.'., Art. 123, X=mu, Y^rrw. 

Also the above is true, if X and Fare the amounts expended 
by a system of finite forces, and u and v the consequent changes 
in the velocity in the two directions. 
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128. Prop. Thb momentum of a system in any direction is not 
altered by any action between thejparts of the system. 

On account of this action some amount of force will be 
exerted hj one part on the other. Therefore, by Law HI., an 
exactly equal and opposite amount will be exerted by the 
second on the first part. Hence the resolved parts of these 
forces in any given direction will be exactly equal and 
opposite. Also, by Law IE., the change of momentum of each 
body in this direction will be proportional to the resolved 
part, in this direction, of the force producing it. 

Hence the changes in the momenta of the two parts in this 
direction will be exactly equal and opposite. 

Hence there will be no change in the momentum of the 
whole system in this direction. Q.E.D. 

129. Suppose a fine inelastic string is moving along a 
straight line or a curve, into which it is bent by being 
stretched over a surface. 



Fia. 29. 

Let ACDB be the string. 

At any point G the portion AG pulls the portion GB with 
some force along the tangent at G from G towards A. 

Hence, by Law III., GB pulls GA with an egml force along 
the tangent at G from G towards B» 

We talk of either of these forces as the tension of the string 

at a. 
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The following \a the case which we generally consider \ — 
The surface (if there is any) is smooth, and the string is so 
fine that the mass of any portion may be neglected, and no 
other external forces act on any portion but the tensions at the 
ends, the pressures of the stuface at the various points in 
contact and the weight We can, in this case, show that the 
tensions at all points are the same. 

Let i) be an adjacent point, which we will ultimately make to 
move up to (7. Then CD may be considered as a straight line. 
The pressure of the sor&ce at every point ot CD Ib perpen- 
dicular to its length, and therefore to its direction of motion, 
and therefore cannot affect its motion in that direction. 

Also, since the mass of CD may be ne^ected, its momentum 
and weight, which are proportional to its mass,' may be 
neglected. 

: Hence the only forces which can affect the motion in the 
direction of ita length are the tensions at C and D. 

.Denote them by T and T, and the acute an^es they make 
with (72) by e and ^. 

Hence, resolving along CD, iPcostf— T' co8d'=0. 

But ultunately, when D moves up to (7, ^ and ^ both tend 
to 0, and therefore cobO and cos^^ to 1 ; .*. r=7'. 

Hence the tension at any point is equal to the tension at 
the succeeding point, and so going on we can show that the 
tensions at all the points are the same. 

Hence we can talk of the tension of the string,-, without 
specifying the point. 

Thus the tension of a tight inelastic string, being the sieune 
at all points of it <U ffie same imtarU, will exert on two par- 
ticles, attached to its ends, egucd amounts of force in the same 
interval of time. 

« 

130. In all instances of motion discussed in this treatise we 
n^ect the effect of the resistance of the air, or, what comes 
to the same thing, ve suppose the motions executed in vacuo, 

G 
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131. Ex. P and Q are two particles connected by a string, 
which is passed over a smooth peg ; initially, Q rests on a table, 
on which some of the string is coiled, and P descends freely, 
y^^ After a time, P has descended so far that 

i^ the whole of the string becomes stretched. 

Then, at one instant Q is at rest on the table, 
and at the next it is moving upwards with^the 
same velocity that P then has. 

Hence Q has acquired a velocity instantane- 
ously, and therefore an impulse must have 
acted on it by means of the tension of the 
string. 
L— Let T denote the amount of force exerted 



P* 



Fio. 80. by this tension to move Q off. 
Let Fhe the velocity of P jjist before Q has begun to move, 
V that of P and Q just after ,, ; 

and let m and wf be the masses of P and Q, 
Then the momentum m'F' has been produced in Q by T; 

.-. T:=7n:r. 
Also, an equal amount of force has been exerted on P (Art. 
129), and has produced the change, mF^mV, which has 
taken place in the momentum of P j 

Hence m'V'=mF'^mF ; 

•'. F= — i — 7; and Ts= — ; — j^ 

Also the amount of force expended on the peg is 2T 
_ 2mm'F 

During the very short time, in which the change of velocity 
was taking place, the intensity of the force of the impulse 
went very rapidly through very considerable changes, and at 
one time was very great indeed. Sometimes the string is not 
able to bear this great intensity and snaps. 



r\ 
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Suppose the string was just able to support a weight of 
50 lbs.y then the string will break, if during the impulsive 
action of the string the intensity of the tension exceeds 50 lbs, 

132. Ex, P, Q, It are three particles. P and Q are con- 
nected by a string stretched over a smooth peg; Q and B 
are connected by a string, part of which, with By lies on a 
table vertically below Q. And suppose that P is descending, 
and Q ascending, when the second string becomes stretched. 

Then, at one instant Bisai rest, and at the 
next it is moving upwards with the same velo- 
city that P and Q then have, which is different 
to what P and Q had at the previous instant. 

Hence there has been an instantaneous change 
in the velocity of each of the particles, and 
therefore an impulse must have been exerted 
by each of the strings. 

Let T and T be the amounts of force exerted p, , 
by the strings PQ and QB, respectively. fio. si. 

Let The the velocity of P and Q just before B begins to 
move, 

and P the velocity of P, Q and B just after B begins to 
move. 

Let ^, m' and m" be the masses of P, Q and B. 

Then the momentum mT^ has been produced in i? by jT; 

.-. r^mT (i) 

Also T has produced the change, mF^mV, which has taken 
place in the momentum of P ; 

.-. Tz^mF^mV. ... (2) 

And the change, m'F—m'F, in the momentum of Q has been 
produced by the joint effect of T and T' ; 

.\r'-'T^m'F-mT\ ... (3) 

From these equations F', T and T may be found in terms 
of F, m, m' and m". 

The amount of force expended on the peg is 27. 



I 
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133. Ex. On a smooth horizontal table lies an inelastic 
string, and to each end is attached a particle. One particle is 
projected along the table. Having given the velocity of this 
particle and the inclination of its direction of motion to the 
string when the latter becomes stretched, determine the 
impulse along the string and the initial motion of the other 
particle. 

Let P, Q be the particles, 
m, m* their masses, Q the one 
\q projected, Fits velocity, and 
the angle its line of motion 
makes with the string when 
it becomes stretched. 
Let T be the amount of 
V^ force exerted by the impulse 

Fio. 82. along the string on Q and P\ 

V the velocity with which P begins to move. 

The motion of Q just before the impulse is equivalent to 
Tcosd along PQ, and Vmid perpendicular to PQ. 

The only force acting is along QP. Hence there is no change 
in the motion of Q perpendicular to QP, 

Also, after the impulse the velocity of Q along PQ is the 
same as that of P, since the string is inextensible ; and the 
change of Q% momentum, m'(Fcos^— V), in the direction of 
PC is wholly due to T; 

Also the impulse T acting on P produces the momentum mP j 

.-. T=mF\ 
Hence. mr'==wi'(rcose- F) ; 

•'. F = : — -; and T= j — -, — 

Hence Q is moving at the end of the impulse with a velo- 
city, whose components are ; — j- , along PQ, 

and FtanO, perpendicular to PQ. 
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Note 1. We have explained in the present Chapter, and 
in Chapters I. and 11., the standards usoally adopted. Other 
systems have also been proposed ; notably one in the Seport 
of the British Association for 1873, to which we refer the 
stadent It is proposed in this Seport to use the Centimetre 
where we generally use the foot, and the Gramme instead of ' 
the Pound Avoirdupois. [One foot =30. 48 centimetres, and 
1 lb. =453. 6 grammes.] So that the unit of velocity would be 
that with which a centimetre is traversed in a second. Also 
the unit of force would be that which could, in one second, 
generate in a gramme a velocity of one centimetre a second. 
The other units would be altered in a corresponding manner. 



Note 2. By Art. 121, the measure of the intensity and the 
measure of the amount of force expended in a unit of time are 
the same. 

If A is the amount expended by a constant finite force in 

an interval /, then the amount expended during the unit of 

A A . , 

time is -j , and therefore -r i& the intensity. 

Also, if ^ is the amount expended by a blow or other varying 

A . 
force which takes up a time t, then -j is the average intensity 

of the blow and is sometimes assumed to be the intensity of 
the blow throughout. 
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EXAMPLES.— XXL 

(i.) An engme, whose power is sufficient to generate in 1^ a Telo- 
city of 150 feet a second in a mass M (which is its own mass), is 

attached to a carriage, mass—y, by means of an inebstic weightless 

chain 3 feet long ; this carriage again is attadied in exactly the same 

way to another, masss-^ ; this to a third, mass^-p * The engine and 

carriages are snccessiyely in contact when the train starts. Show that 
the last carriage will b^pn to move with a ydodty of 33 feet per 
second nearly. 

(2.) Ay By Caie three equal balls situated at the angular points 
A, B, of an equilateral triangle, and connected by two fine strings 
ABy BG, The ball B receives an impulse in a direction at right 
angles to ^C, and in the plane ABC, Prove that the velocity pro- 
duced thereby in 2J is f of what it would have been if B had been 
free. 

(3.) A number of equal heavy particles are fastened at equal dis- 
tances a, on an inelastic string, and placed in contact in a vertical 
line ; show that, if the lowest be then allowed to fall freely, the velocity, 
with which the nth begins to move, is equal to 



sf 



(n-l) (2n-l) . 
^ 3» 



(4.) A shot of mass m is fired from a gun of mass ilf with a velocity 
u relative to the gun ; show that the actual velocity of the shot is 

-^!^ and that of the gun -!?^. 
m + Af* ® m+M 

(5.) Two particles are tied as in Art. 188, and are moving on a smooth 
table in a given manner when the string becomes stretched. Deter- 
mine the impulsive tension and the motion of each particle immedi- 
ately after the impulse. 

(6.) Three particles ore tied at different points of a string and 
placed on a smooth table, so that the string between two of them is 
stretched and the two particles at rest. The other particle is now 
projected along the table, and is moving in a given manner when the 
string becomes tight Determine the motions of the particles immedi- 
ately afterwords. 



X.— tnflFOBHLT AOOELERATma F0B0E8 IN THE 

LINE OF MOTION. 

• » • ■ 

134. We shall in this chapter discuss several problems, in 
which particles are acted on by forces which cause them to 
move with rectilinear uniformly accelerated motions. 
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P* 135. Two particles, P and Q, are connected /^>. 
by a string stretched over a smooth fixed peg, ^^^ 
each particle hanging freely. 

The string always being stretched, P and Q, 
at every instant, must be moving with equal 
velocities, one up, and the other down. Also 
their accelerations must be equal and opposite. 

Let m denote the mass of P, m' of Q, and sup- 
pose m>7w'. Fio. S3. 

Let T denote the tension of the string. 

Then the forces acting on P are, the weight, mgf downwards, 
and T upwards, 

and the forces acting on Q are, the weight, m'g, downwards, 
and T upwards. 

Now T must lie between mg and m'g ; for if it were greater 
than each of them, both P and Q would have an acceleration 
upwards, and if less, downwatds. 

108 
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Hence the forces acting on P are equivalent to m^^T down- 
wards, 
and the forces acting on Q are equivalent to T^m'g upwards; 

.•, the acceleration of P's motion=— ^^^ downwards, 

and „ Cs „ = 7-? upwards. 

And these, as we have said, are equal in magnitude ; 



971 971 



. . m_ inm'g . . . 

.*. the acceleration (a) of either particle 

which is constant. Hence we can apply the formulae of Art. 68. 
The following are examples of their application : — 
1^ Suppose P and Q to be initiallj at rest. To find their 

velocity v after t seconds. 

We have «;=a/= — ; — yot. 

m+m 

2^. Suppose Q initially projected downwards with a velocity u. 
To find how soon the system will come to rest. 

Let t be the time which elapses before it comes to rest. 

Then, at the beginning of the time Q has a velocity u down- 
wards, throughout the time it has an acceleration a upwards, 
and at the end of the time its velocity is ; 

a (971 — m )g 
To find also how far (s) Q has then travelled, we have 

0=^-,„;.....^(2±^. 
After this the system begins to move t)ie opposite way. 
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From (i) we see that T is constant throughout the motion, 
and is as much as would be required to support a weight 

—-rzz^- Hence the stram on the peg= 2r=--7— 5 • 

If ^, ^' are the weights of P and ft ws=— , m'=— ; 

9 9 

^ 2.WW' , JF^W 
136. A particle P is placed on a smooth inclined plane. 




Fio. Si. 

[Any line in an inclined plane, perpendicular to the inter- 
section of the plane with a horizontal plane is, of all lines that 
can be drawn in the former, the one that makes the greatest 
angle of inclination to the latter, and is therefore called a line 
of greatest slope. Its inclination to the horizon is the inclina- 
tion of the plane to the horizon, called the elevation of the 
plane. 

Any vertical plane perpendicular to the intersection of a 
horizontal plane with the inclined plane cuts the latter in one 
of its lines of greatest slope.] 

Let m denote the mass of P, B the pressure of the plane* 

Then the forces acting on P are, the weight, 971^, vertically 
downwards, and B perpendicular to the plane upwards. 

Let be the elevation of the plane. . 
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Draw PA the line of greatest dope through P; then PA 
makes an angle -|— tf with the direction of mg. 

Also R and mg both lie in the vertical plane through PA. 
Hence the forces are equivalent to two, 

(1) i2— 97i^cosd, perpendicular to plane, 

(2) Tw^sind, down PA. 

Now, since P remains on the plane, there is never any 
motion perpendicular to the plane ; 

/., from(l), £^m^cos0s=O; 
.*. ^=wi^cosft 
Hence the pressure on the plane is always the same. 
Again, from (2) we see that P always has an acceleration 

downP^=M5^=^3i„ft (3) 

Hence, if P is initially at rest at some point in PA^ or if 
projected up, or down, PA^ it always has a constant accelera- 
tion in its line of motion, and we may apply the formula of 
Art. 58. * 
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I'' Suppose P initially at rest at 0. To find its velocity, v> 
at a point A^ at a distance b from 0. 
We have t;* = %g sind.« ; 

.'. «;ss V2.p^sin^.i! 
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Now draw ON perpendicular to the horusontal plane through 

A^ then ON^s. sintf ; .*. v^ *ii/2g.0N, and this is independent of 
the inclination 6, and depends only on the vertical distance of 
A below 0. Hence, if OB represented any other inclined plane, 
down which P were allowed to descend, Uien the velocity when 
on a level with A would be the same as at A, and would be 
the same as if P had fallen freely from OtoN 

2^ If u iB the velocity at 0, then v*ssu*+2.gBhi6^ 

=u*+2g.0N. 

Hence again the difference between the squares of the velo- 
cities at two points depends only on the vertical height between 
them. 

3^ If P is initially at rest at 0, to find the time (t) of descent 
to^. 



We have s^i^.gemO.i^; .*. <s=v 



28 
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137. The same investigations hold good, if, instead of 
moving on a line of greatest slope of a plane whose elevation 
is ^, P were a bead moving on a smooth wire, or in a smooth 
groove, which makes an angle with the horizon. In any 
one of these three cases P would be said to be moving on a 
smooth straighi line inclined to the horizon. 

Ids, K the plane is rough, let fi' denote the constant ratio 
between the Friction and the Pressure during the motion, 
called the coefficient of Kinetic Friction. 

Hence the frictionssfA'E=fAmgcoB0. 

Then, when the particle is moving upwards, the friction acts 
down the plane; therefore the force acting on the particle 
along PA is mg siaO+fA'mg cosd ; 

.*. its acceleration ib gsmS+f/gcosS, downwards. 

Similarly, when it is moving downwards, we can show that 
its acceleration is g sind^/iV co^d, downwards. 
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When the particle starts by moying up the plane, it will 
eventnally come to rest; and if d is not greater than tan~^|^ 
where /a is the coefficient of Statical Friction, it will remain 
where it comes to rest. 



139. Let ABQ be a vertical circle, of which A and B are 
the highest and lowest points. 
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Let AG\^ any chord through A. Then the acceleration of 
a particle sliding down AG^ supposed smooth, is ^cosC^£. 
Hence the time of descent down AG^ from rest, is 



■J 



2.AC 



co&CAB ^ ^^* AC=sABcobGAB; therefore the time is 



2AB 



, which is the time a particle would take to fall freely 

from A to B; therefore the times of descent down all chords 
through the highest point are the same. 

Similarly, we can show that the times of descent down all 
chords, such as C!£, through the lowest point are the same. 
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140. To find the straight line of quickest descent to a verti- 
cal circle from a point in its plane. 
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Let ABG be the circle, D the point. 

I. Draw the circle which has D for its highest point and 
touches ACB externally. Let Q be the point of contact. 
Then a particle, starting from rest at i>, will reach ACB in 
less time by travelling along BQ than by going along any 
other straight line. 

For let DPQl be any other line through i>, meeting ABG in 
Q and the second circle in P. 

Now the time of descent down DP is equal to the time down 
DQ\ but the time down LQl is obviously greater than that 
down LPy and therefore greater than the time down BQ. 

Hence BQ is the line of quickest descent from i> to the 
pircle. 

II. It can be shown by Geometry that BQ produced will 
pass through the lowest point of ABO. Hence we have the 
following simple geometrical construction. 

Join the given point to the lowest point of the given circle ; 
the part outside the circle is the line of quickest descent 
quired. 
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141. K we draw a circle, having J9 for its highest point, and 
touched internally byu^CjS, the line joining J9 to the point of con- 
tact is the line of slowest descent from the point to the circle. 

142. There have been devised a large number of problems, 
similar to the above, requiring to find the line of quickest, or 
slowest, descent from a point to a line. 

They all involve a method similar to the above ; namely, 
I., describing a circle touching the line and having the given 
point for its highest point, and then, 11., finding a simple 
geometrical construction for drawing the straight line without 
describing the circle. 

K the descent is to be from a line to a point, we begin by 
describing a circle having the point for its lowest point. 

143. The results of this chapter may be used to determine 
the mmierical value of g. 

For instance, in Art 136, the acceleration s=^sin0. If then 
we observe the time if) of passing over any distance (5) from 
rest, and the angle {&) of the inclination of the plane, we can 
determine g by the formula 5=^.^sin0./'. This method was 
proposed by Galileo ; but the impossibility of finding a plane 
sufficiently smooth prevents us from using it. 

Also we cannot observe the direct vertical descent of a 
falling body, since the rapidity of its motion prevents the time 
of descent through any distance being accurately determined, 
and also produces too great resistance from the air for the ac- 
celeration to be considered uniform. It was for this reason that 
Galileo proposed the above plan, as with it, by making B suffi- 
ciently small, we can make the acceleration as small as we please. 

About the year 1780 Mr. Atwood invented a machine for 
producing a slow uniformly accelerated descent of a body, the 
expression for the acceleration involving g, (See A TreaMse 
on the BedUinear Motion and Botation of Bodies ; with a descrip- 
tion of original experiments relative to the subject. By G. 
Atwood, M.A., F.R.S., late Fellow of Trin. Coll., Cam., 1784.) 
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144. A description of this machine is given in Art. 145, 
which will be the better understood for the following re- 
marks. 

In Art 135y if m and m' are increased bj the same 

amount sc, then the acceleration is decreased from ——, — jg to 

, / , 2j^ ; no change being made in the numerator of the 

expression. 

AgaiQy the peg was taken to be tmooth. 

This would be impossible in practice, and therefore the 
motion of the particles would be checked by the friction. 
To obviate this, we may pass the string over a small pulley 
taming on an axis, whose ends are pivots supported on 
sockets, or better still, on two pairs of small wheels, called 
friction wheels. 

For then the friction is produced, not by the sliding of 
the string over the surface of the peg, but by the axes of 
the pulleys, as they rotate, rubbing against their supports 
across the Urns of contact, and therefore is so slight that 
the diminution of the acceleration thus caused may be 
neglected. 

By this means, however, we have introduced a new check 
to the motion. For the forces acting on the system have to 
change the motions of the pulleys as well as those of the 
weights. Hence the rate of change of the motion of these 
latter is diminished. Its actual amount can be easily calculated 
by Rigid Dynamics, when the make of the pulleys is known. 
It is there shown that the acceleration of the weights is the 
same as if the pulleys were smooth and fixed, and a certain 

amount ( say ^ j added to each weight, i.e. the acceleration 

can be represented by ^ ~; y . We may also determine n 
by experiment. 
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145. Atwoois Machine, — Two exactly similar and equal 
bodies P and Q, each of mass m, are connected by a fine thread 
passing over a pulley, whose pivots are supported by four 




■D 






«□ 
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friction wheels (two only being shown in the figure) on 
the top of a pillar, by the side of which is placed a graduated 
scale so that Q descends close to it. To ,this teale two 
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moveable frames, or platforms, X and F, are attached by 
screws so as to be capable of being screwed to any points of 
the scale. 

The upper frame X is pierced so as to allow Q to pass 
through it. 

Place Q above X Then P and Q, being equal, will remain 
at rest. Now let a small rod iS, of mass z^ be placed on Q, 
projecting from each side of it, so as not to be able to pass 
through X. P ascends and Q, with Ry descends with uniform 

acceleration, which would be -— - — g. if the pulleys were fixed 

2m+z 

z 
and smooth, but which is 0^ 1 ^ 1 ^ ^ {=f)9 since the pulleys, 

as well as the masses P, Q and B must have the motion com- 
municated to them. 

Atwood shows how n may be determined by experiment. 

When Q passes X, Ria caught ofif. P and Q have now no 
acceleration, and therefore move on, with the velocity they 
have then acquired, till Q reaches Y. 

There is also clock-work attached, by which the times 
of descent of Q through any spaces may be accurately ob- 
served. 

Let the system begin to move, and observe the time t which 
elapses till Q passes X, and the time f from that moment till 
it reaches F, ^d measure XY (s). 

Let V denote the velocity acquired when Q passes X. 

Then Q moves over the space s in the time f with the 
uniform velocity v ; 

.\ ST=vf; .'. V is found. 

But, in the time i, Q has moved with the uniform accelera- 
tion/, and has acquired the velocity v ; 

,\v=ift; .\fiafo\md. 

But m, m\ iSf, n are known ; .\ g\& found. 

The value of g is found to be slightly difierent at different 

points of the Earth. 

H 
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EXAMPLES.— XXII. 

(i.) Two masses, mi, m,, are connected by a string, which passes over 
a smooth peg. If the peg can only bear one half of the sum of the 
weights of mi and m^, show that the least ratio of mi to m^ consistent 
with the conditions of the system, is 3 + 2^2. 

(2.) A weight P, having fedlen through a certain height, begins to 
pull up a heavier wieight Q by means of a chord passing over a pulley ; 
find the height through whidi it will lift it. 

(3.) The time of descent of a weight of 12 lbs. down a plane, inclined 
at 30^ to the horizon, is doubled by its connection with a weight hang- 
ing by a string passed over a pulley at the top of the plane ; what is 
the latter weight ? 

(4.) Two particles of given masses are connected by an inextensible 
string, which is laid over a double inclined plane with a pulley at the 
top ; and the planes are inclined to the horizon at angles a and /3. 
Find the acceleration of the particles, and the tension of the string 
at any time. 

(5.) Sixteen balls of equal weight are strung like beads upon a 
string, some of them are placed on an inclined plane^ whose angle is 
sin~^^, and the rest hang over the top of the plane. How have the 
balls been arranged, if the acceleration of the resulting motion at first 
be half that of gravitation ? 

(6.) Sixteen equal weights are strung loosely on a string ; how 
must they be arranged so that, when the string is laid upon a smooth 
fixed pulley, the motion may be the same as that produced when half 
the number of the balls is drawn over a smooth horizontal table by 
the weight of the other half hanging over the table edge. 

(7.) A string hangs over a fixed pulley ; a weight of two pounds 
hangs at one end, and a pulley at the other : over the pulley hangs a 
string carrying a weight of one pound at each end ; when the whole is 
in equilibrium, any force is applied to one of the smaller weights ; show 
that when it has pulled it down three inches, the other one pound 
weight and the two pound weight has each risen one inch ; show also 
that, if the motion of the weight to which the force was applied be 
stopped in any gradual manner, the whole will be brought to rest, and 
the distances travelled by the weights will be as 3 : 1 : 1. 
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(8.) If two equal maases be hanging, one at each end of a string 
passing over a smooth fixed pulley, and one be projected upwards with 

ayelooityof ^feet per second, find when the string will become 

stretched, and the common velocity at the instant after it becomes so. 
(9.) A number of equal weights are attached to different points of 
a string, and the string is then placed over a smooth pulley ; show 
that, at any subsequent time, the tensions of the successive portions 
of the string are, on each side of the pulley, in arithmetic progres- 
sion. 

(10.) A string passes over a smooth fixed pulley carrying a weight 
P at one end and a pulley of weight Q at the other. Over the pulley 
Q is hung a string carrying weights J7 and g at its two ends respec- 
tively. Supposing P to move downwards, determine the tension of 
the two strings and the acceleration of each body. 

(11.) A string, loaded with a series of equal weights at equal dis- 
tances along it,' is coiled up in the hand and held close to the peg, 
to which one end of the string is attached. The support of the hand 
being suddenly withdrawn firom the coil, find the fimi^ and impuUwe 
strains on the peg when the r^ section of the string becomes tight ; 
the mass of the string being neglected. 

If a uniform chain, of length a and weight tr, be treated in a similar 
manner, show that the strain on the peg when a length x of chain 

becomes tight » 3 — W. 

(12.) Two weights are attached to the ends of an inextensible string, 
which is hung over a smooth pulley, and are observed to move through 
6*4 feet in one second ; the motion is then stopped, and a weight of 
five pounds attached to the smaller weight, when these descend 
through the same space as it ascended before in the same time. De- 
termine the original weights. 

(13.) Two weights of five pounds and four pounds together pull 
one of seven pounds over a smooth fixed pulley, by means of a con- 
necting string; and after descending through a given space the 
four pound weight is detached and deposited without interrupting 
the motion. Through what space will the remaining five pounds 
descend? 

(14.) Two scale-pans of equal weight W are connected by a fine 
string which passes over a smooth small pulley, and in them are placed 
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weights W^ W^ ; show that the pressuxee^ which these weights pioduoe 
on the pans dniing motion^ are 

%W^ ^lJL__, and 2Tr, ^^'^'^ .respectively. 

(15.) A smooth nnifonn string hangs at rest over a peg. From one 
end of the string one fourth of its whole length is cut off. Show 
that the pressure on the peg is instantaneously diminished by one 
third of the whole weight of the string. 

(16.) A fine string is attached to a fixed point, carries a small ring 
whose weight is W, and, passing over a smaU pulley in the same hori- 
zontal plane as the fixed point, has a weight W^ + W^ attached. The 
system being in equilibrium, the weight W^ is removed. Show that 

the strain on the fixed point is instantly reduced by rarva^ WW 

times its former value. 

(17.) If a body be projected down a plane, inclined at an angle 30° 
to the horizon, with a velocity = } of that due to the height of the 
plane, the time down the plane will equal the time down its vertical 
height from rest. 

(18.) A particle feklls down a smooth inclined plane. At the first 
observation the velocity is 25 feet per second, at another, three seconds 
later, it is 45 ; determine the inclination of the plane. 

(19.) A body, moving down a smooth inclined plane, is observed 
to fall through equal spaces, a, in consecutive intervals of time 
Ti, T3; prove that the inclination of the plane to the horizon is 
i ( ^ T,-T,\ 
\SiT^Ti T^ + TJ 

(20.) On a railway where the friction is ^^th of the load, show 
that five times as much can be carried on the level as up an incline of 
1 in 60 by the same power at the same rate. 

(21.) AFy AQ are two inclined planes, of which AF is rough 
(^»taiiPJ.Q) and AQ is smooth, AP lying above AQ ; show that if 
bodies descend from rest at F and Q they will arrive at J., (1) in the 
same time if FQ be perpendicular to ^Q, (2) with the same velocity 
if FQ be perpendicular to AF. 

(22.) Two equal weights are connected by a string and laid on a 
table so that one is just over the edge and the other on the table, the 
string being stretched between them, perpendicujar to the edge. If the 
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length of the string be I and the height of the table h^ find the velo- 
city with which the second weight leaves the table. 

(23.) A railway carriage detached from a train going at the rate of 
30 miles an hour is stopped by the Motion of the rails in half a 
minute ; find the coefficient of friction. 

(24.) A weight P alter filling freely through a feet begins to raise 
a weight Q greater than itself, and connected with it by means of a 
string passing over a smooth fixed puUey. Show that Q will have 
retomed to its original position after an interval 

2P /2a 

(25.) The tune down a chord, to the vertex, of a parabola, whose 
axis is vertical, varies as the cosecant of the chord's inclination to the 
vertical 

(26.) Prove that the locus of the points, from which the times down 
equally rough inclined planes to a fixed point vary as the lengths of 
the planes, is a right circular cone. 

(27.) A chord AB of a circle is vertical and subtends at the 
centre an angle 2cot~V* Show that the time down any chord AC 
drawn in the smaller of the two segments, into which AB divides the 
circle, is constant, AC being rough and /i the coefficient of friction. 

(28.) AB is a vertical diameter of a circle, AF a chord meeting, 
when produced, the tangent at £ in the point Q ; prove that the time 
down PQqcJBQ, and that the velocity acquired down PQx the 
chord PP. 

(29.) Find the position of a point in the circumference of a circle, 
in order that the time of descent from it to the centre may be the 
same as the time of descent to the lowest point. 

(30.) The plane of a circle is gradually inclined to the vertical Show 
how the radius of the circle must change so that the time of descent 
down the chords may be the same as it was when the plane was 
vertical 

(31.) Determine the lines of quickest descent in the following 
cases: — 

(1) From a point to a straight line ; 

(2) From a circle to an external point in its plane ; 

(3) To a circle from an external straight Une in its plane. 

(32.) A parabola is placed with axis vertical and vertex up- 
wards ; prove that the square of the time of quickest descent from 
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a given point in the axis along a chord to the curve varies as 
the sum of the latus rectum and the horizontal chord through that 
point. 

(33.) Prove that, if PQ be a chord of quickest descent from one 
curve in a vertical plane to another, the tangents at P and Q are par- 
allel, and PQ bisects the angles between the normals and the 
vertical 

(34.) Show that the time of quickest descent from any point of an 

ellipse to the horizontal axis major down the normal is^ — , I being 

^ 9 
the latus rectum, and e the eccentricity. 

(35.) If two parabolas be placed with their axis vertical, vertices 
downwards and foci coincident, prove that there are three chords down 
which the time of descent of a particle, under the action of gravity, from 
one curve to the other, is a minimum, and that one of those is the 
principal diameter and the other two make an angle of 60° with it on 
either side. 

(36.) The time of descent from rest down chords of an ellipse 
through the lowest point is a maximum, and a minimum, for those 
chords which are parallel to the transverse, and conjugate, axis, 
respectively. 

(37.) In an Atwood's machine, if the string can only bear a strain 
of one fourth the sum of the weights at its two ends, show that the 
larger weight cannot be much less than six times the smaller, and that 

the least acceleration possible is -^ * 

(38). Compare the weights in an Atwood's machine when the 
heavier, starting from rest, descends a space equal to the length of the 
seconds pendulum (39*2 in.) in a second. 

(39.) The power and weight are in equilibrium in the system of 
pulleys in which each hangs by a separate string. If the weight be 

doubled, prove that the acceleration of the weight is ^n.Q f ^^^ pulleys 

being without weight. 

In the same system, the power and the weight (W) would be in 
equilibrium, if the pulleys were without weight ; show that, if the weight 
of each pulley be w, the acceleration of W 

_ 3w 

^3^.(2*+l)+ii<2»*-l)' 
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(40.) If the weight attached to the free end of the string in a system 
of pulleys, in which the same string passes round each of the pulleys, 
be m times that which is necessary to maintain equilibrium, show that 

the acceleration of the ascending weight is -^, where n is the num- 

wwi + 1 

ber of strings at the lower block, and the grooves of the pulleys are 
supposed perfectly smooth. Compare the tension of the string with 
the ascending weight. 

(41.) Two particles slide down two straight lines, in a vertical plane, 
starting simultaneously from their point of intersection ; prove that 
the line joining them at any time is equal to the space, through which 
a particle would have moved in the same time, along a line, whose 
inclination to the horizon is the angle between given lines. 

(42.) In the first system of pulleys there are four moveable pulleys, 
eadi weighing one pound. Show that, if the power is given by a man 
hanging on with a uniform strain of 150 lbs., a ton would be raised 
from rest 903'6 feet in the first half minute. 

(43.) Two unequal weights are connected by an inextensible string 
which passes over a smooth fixed pulley. The stand supporting the 
pulley is placed in the scale-pan of a balance. Show that the system 
will have a constant apparent weight during the motion, and compare 
it with the true weight. 
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146. Prop. I. WTien a heavy pj/rtkle is projected in any direc- 
tion, not vertical^ its path is a parabola. 

The only force acting on the particle is its weight, and this, 
by Law II., will produce the same change in the motion of the 
particle as if it were initially at rest. 

Suppose then the particle to start from a point P, in direc- 
tion FT, with a velocity u. After a time t it would, if initi- 
ally at rest, have acquired a vertical velocity gt ; and therefore 
in the given case it must also have acquired a vertical velocity 
gt. Hence its velocity can be represented by saying that it 
has one velocity u in direction FT and another gt vertically 
downwards ; and the same is the case whatever value t have. 

Therefore, it always moves in the vertical plane through 
FT; and we can represent its motion (Art. 50) by saying that 
it retains its velocity u parallel to FT and has the acceleration 
g vertically downwards. 

Draw MPF vertically through F, 

Let Q be the position of the particle after any time t reckoned 
from the instant of starting. 

Draw gr parallel to FT, meeting MFFia T, 

and Qm „ MFF „ FT „ m. 

Then, Art. 62, (1), FV=^Qm=\gt\ 

FQ=Fm= u,t, 

.'., eliminating /, 0^*= '-P^- •••(!) 

Also, the particle begins by moving along FT, i,e, FT is the 
tangent to the path at F, 

120 
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Now, if we drew a parabola, pasBing through P, having PT 
as the tangent and PV as the diameter at P, and its focuB S at 
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a distance ^ from P, then (i) is just the relation which would 

hold between the ordinate QV and the abscissa PV oi any 
point Q on it. Hence we conclude that the path is this 
parabola. 
Cor. Let VPM meet the directrix in M. Then PM^PS 
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147. Prop. II. Tkt vdocUy cU any point of the path is the same 
in magnitvde as tvould be acquired by a particle in falling to that 
point from the directrix. 

Let Fbe the velocity acquired by a particle in falling &om 



u^ 



MtoP. Then F* = 2.g.PM= 2.g.^ =:u*. 

Hence the Proposition is true for the point of starting. 

Now the particle must start from every point of its path in 
order to describe the subsequent portion. Therefore every 
point may be considered as a pomt of starting. 

Hence the Proposition is true for all points in the path. 

148. Let 6 be the angle which PT makes with the horizon, 
called the angle of projection. 

Then u, the velocity of projection, is equivalent to 

(1) u COS0 in the horizontal direction, and 

(2) u Bmd „ vertical „ 

By discussing separately the motions in these two directions, 
we can work out most problems. 

149. Consider what takes place during the motion. The 
force which acts on the particle changes the velocity in the 
vertical direction only. 

Hence the horizontal component remains constant and equal 
to u cobO. 

Also, the effect of the force is to generate during every 
second a change, equal to g vertically downwards, in the velo- 
city. Hence the vertical component at the end of the time t 
is u Bind ^gt. 

If the particle is projected upwards, u smO is positive ; and 
therefore u eimd—gt is positive at first; but as t increases it 
gradually diminishes till it vanishes; after that it becomes 
negative, showing that the particle is now descending. 

When u sin^— ^=0, the particle is at its highest point (A), 
At this instant, there bemg no vertical velocity, it is moving 
horizontally, Le, the tangent to the path at A is at right angles 
to the axis, and therefore A is the vertex of the parabola. 
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150. Prop. ni. Tojvnd the time of reaching the vertex, and its 
height, when there, above the point of sia/rting. 

Let T be the time of rifling to A, then u sm0^g,T.=O ; 

. -, usrnO 

9 
Let h be the vertical height of A. On starting from F the 

particle has a vertical velocity u BmO, and, during the interval 

that it is traversing the vertical distance h, it has a vertical 

acceleration —g, and at the end its vertical velocity is ; 

.-. 0=iU*Bin*0—2gh, Art. 58 (3); 
, u* sm«^ 
2g 

151. Prop. IV. To find the lotus rectum. 

Let the axis SAX meet the directrix in X, then the whole 
latus rectum =4^X 

At A the particle has no vertical velocity ; therefore its 
whole velocity is the constant horizontal velocity u cobO ; 
also, its distance &om the directrix is AX. 

Now the velocity acquired in falling from A to X=i tj2gAXy 
.-. u* cos*e=:2.g.AX ; (Art. 147.) 



EXAMPLES. —XXIII. 

(i.) A fine tube inclined to the vertical has a unifoim rectilinear 
motion parallel to itself, and a particle is allowed to ran down it ; find 
the locas of the path of the particle in space. 

(2.) A particle is projected with a velocity, 60 in a direction making 
60° with the horizon. Determine the position of the directrix and 
the length of the latus rectum of its path. 

(3.) A ball is projected in a direction inclined at an angle of 30° to 
the horizon, and with a velocity which it would have acquired in Ml- 
ing firom rest through a space of 100 yards ; find the greatest height 
attained by the balL 
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(4.) A body projected from A is describing a parabola, and when it 
is at P it is vertically above JB, which is a point in the horizontal pkne 
through A, If the direction of motion at P cats the line of projection 
in the point Q, prove that Q J. = QJB. 

(5.) A number of heavy particles are thrown all from one point, so 
as all to attain the same greatest height in the same vertical plane. 
Show that the locus of the foci of the carves described is a parabola 
whose vertex is at the same height above the point of projection. 

(6.) A number of particles are projected from the same point, so as 
all to describe parabolas having the same latus rectum. Show that 
the locus of the fod is an equal parabola, with its vertex downwards, 
and its focus at the point of pnojection. 

(7.) In the path of a projectile, if u and t; be the velocities at the ends 
of any focal chord, and V^ the horizontal velocity of projection, show 

tnat — 9-+":3"='t7T 
It* tr V^ 

152. Prof. V. To determme the motion at any instant 

Let t be the time from the moment of starting till the instant 
under consideration. 
Let V be the yelocity at this instant, 

<l> the acute angle the direction of motion then makes 
with the horizon. 

Then t;cos</>=the horizontal component of the velocity 

=u cosft 
And V sin</>= the vertical component of the velocity 

=u Bind—fft. 
u sinS^g.t. 
u 

Bndv*=u*^2g.uBm6.t+g*t* . . . (2). 
Thus (i) and (2) give the direction and magnitude of the 
yelocity at the given instant. 

153. Prop. VI. To find the range, and time of flight, on the 
horizontal plane through ffie point of starting. 

From F draw FB horizontally to meet the curve in B 

(Fig. 39). 
Let < be the time from FtoB, and R=FB. 



Therefore tan</)= ^^-^^5^ — ^ . . . . (i); 
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Th^ we have to find t and R. 

Now the partide rtarts from P with tfie vertical velocity 
ttsin^y and during the time i it has a vertical acceleration — ^, 
and at the .end of i its vertical distance from P is ; 

/. 0=ttsin^.^— ^^^ Art. 58 (2) ; 
. . 2ttsin^ 

9 
AlsOy it starts from P with the horisontal velocity u cos^, 

which it retains throughout the time i^ and at end of i its 

horizontal distance from P is 22; 

„ /I ^ 2t«« sind cos^ i4* sin2d 

9 . 9 

Cor. 1. In Art 160 we found 7=^^^; .-. ^=27. 

Therefore the time of going from P to £ is double the time 
from F to A, and therefore the time from ^ to £ is equal to 
the time from F to A. 

Coil 2. Also, its distance from the directrix is the same 
at ^ as at P ; therefore (Art. 147) its velocity must be the 
same in magnitude at ^ as at P. And by the symmetry of 
the parabola its directions of motion, i.e. the tangents at B and 
Py must make the same acute angle with PP. 

154. Pbop. Vll. To find the range, cmd time of flight, on any 
pkme through Oie jpoint of starting. 




p 

Fio. 40. 

Let the plane meet the vertical plane of the path in the line 
PC, and let FO meet the path again in C. 
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Let i be the time of going from P to C, and B=sPC, We 
have to find t and B. 

We will consider separately the motion in ti^o directions at 
right angles, viz., parallel and perpendicular to PC, 
Let a be the inclination of PG to the horizon. 
The velocity of starting is equivalent to 
u cos(d— a), parallel to PC, 
and u sin(d— a), perpendicular .to PC. 
The acceleration throughout the motion is equivalent to 
— ^ sina, parallel to PC, 
and — ^cosa, perpendicular to PC. 
At the end of the time t, the distances from P are 

B, parallel to PC, 
and 0, perpendicular to PC. 

Therefore ^=t*cos(^—a)<—J^sina<* . (i), 

and 0=t4sin(^— a)<— J^cosa^* . . (2). 

From (2) <=2«rin(^-a) 

Therefore, from (i), 

o 2u* coaie-a) &m(d—a) 2tt«sin«(^-a) . 

B= ^ — ^ ^ ^T ^sma 

g cosa g cos'a 

2u* 8in(^— a) f //) \ • /ia \ • ) 

s- ^ /J cos(&— a)cosa^sm(0— aisma y 

^COS'a \ i 

__ 2u* 8in(^— g) cos^ 

~ ^COS*a 

Cor. Putting B into the equivalent form 

i8in(2d— a)— sina L, 
I 
we see that B is greatest when sin(2^— a) is greatest, 

i.e. when sin(2^~a)=l, 
ie. when 20— a=-^ , i.e. when d=s-j-+-5. 

Thus the greatest range is /^ , « t* 
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EXAMPLES.--XXIV. 

(i.) A particle is projected with a velocity ^ at an inclination of 
30° to the horizon. Find the magnitude and the direction of the 
velocity at the end of 10". 

(2.) A body is projected in a direction inclined to the horizon at an 
angle of 16°, with a velocity 20. Determine the range and time of 
flight on the horizontal plane. 

(3.) A body starts with a velocity 3^ at an angle 76° to the horizon. 
Find the times when it will be 30 feet above the point of starting, and 
the distance between its positions at those times. 

(4.) A particle is projected with the velocity 100 at an angle 46° to 
the horizon. Find its range and time of flight on a plane through the 
point of starting Lodined at an angle 30° to the horizon. 

(5.) A particle is started with a velocity 20. Find its greatest 
possible range on the horizontal plane through the starting point. 

(6.) Find the greatest range of a projectile on an inclined plane 
through the point of projection ; the initial velocity being 21, and the 
inclination of the plane 3Q*. 

(7.) From the top of a hill, inclined to the horizon at an angle 30°, 
a ball is projected with a velocity v at an acute angle to the hilL 
Find the greatest range down the hilL 

(8.) If a body be projected at an angle a to the horizon with the 

velocity due to gravity in Vy its direction is inclined at an angle^to 

the horizon »t the time t«i|, and at an angle'^^at the time cot|- 

(9.) With what velodty must a projectile be flred at an elevation of 
30° so as to strike an object at the distance of 2600 feet in an ascent 
of 1 in 39 ? 

(10.) The greatest range of a rifle on level ground is 1176'3 feet. 
Find the initial velocity of the ball, and show that the greatest range 
up an incline of 30° will be 784*2 feet, neglecting the resistance of the 
atmosphere. 

(i I.) The greatest range of a rifle ball up an incline of 30° is found 
to be 3921 feet ; find the initial velocity of the ball, and show that its 
greatest range on level ground would have been 6881 '6 feet, neglecting 
the atmospheric resistance. 
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(12.) A particle is projected from the top of a tower with the velo- 
city which would be acquired in fialling vertically down n times the 
height of the tower ; find the range on the horizontal plane through the 
bottom of the tower, and show that it will be a maximnTn when the 
angle of projection is ^ sec~^ (1 + 2n). 

(13.) Prove that the least angle of inclination to the horizon, ^t 
which a particle can be projected so as to strike at right angles any 
plane through the point of projection, is oos^^j^. 

(14.) Two projectiles fired with velocities due to the heights ^, ^ at 
angles of elevation from the horizon e^, t^^ strike the same point on the 
side of a hill on which the gun is placed ; find the inclination of the 
hill to the horizon. 

(15.) A shell fired at an elevation B from a mortar placed at A^ just 
clears a vertical wall whose elevation at J. is a, and strikes the ground 
beyond at B ; show that the horizontal range AB is divided by the 
wall in D so that AB : £D»tand : tana. 

(16.) Two bodies, projected from the same point A^ in directions 

making angles a, a' with the vertical, pass through the point B in the 

horizontal plane through A ; prove that, if t, ^ be the time of flight from 

^ to£^ 

sin(a-aO t^-C 

8in(o+i/)~"t^ + <"' 
(i 7.) If V be the velocity with which a particle is projected, t, ^ the 
times it takes to reach the ends of a focal chord, ^ the angle which its 
direction of motion at the time i makes with the horizon, then 

t^ cos^^ + If* sin'^ss^ • 

(18.) Three particles are projected simultaneously from the same 
point, and strike the horizontal plane through that point simul- 
taneously ; prove that, if their ranges are m geometrical progression, 
the latera recta of their paths will also be in geometrical progression. 

155. Ex, A particle is projected from a point P with a 
velocity of given magnitude. Find the direction of projection 
in order that it may pass through another given point C. 

Let u denote the given yelocity. 

Draw PM vertically upwards from P, and equal to o~, and 
draw MN horizontally. 
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Then MN (Art. 146, Cor.) is the directrix of the necessary 
path. 




Fia 41. 

Draw CN perpendicular to MN^ and describe two circles, 
with centres F and Cand radii PMy CN, cutting each other in 
S and S\ 

Th^ a parabola, described with focus S and directrix MN, 
and passing through P, will also pass through C, since the dis- 
tance of C from the directrix is equal to its distance from the 
focus; and the tangent at P to this parabola is one of the 
directions along which the particle must start in order to 
reach C. But this tangent bisects the angle SPM; therefore 
this bisecting line is one of the necessary directions of pro- 
jection. 

Similarly we can show that the bisector of the angle S'PM 
is another such direction. 

If the circles touch, S and S' coincide in the point of con- 
tact, and there is only one direction of projection along which 
the particle can start from P so as to' reach 0, 

If the circles do not meet there is no such direction. 

156. The problem, which we have discussed in this chapter, 
is sometimes enunciated in its kinematical form as follows : — 

A point is projected with a given velocity, and its motion 
has an acceleration constant in magnitude and direction, the 
latter not being coincident with that of the velocity of pro- 
jection ; det^mine the motion and the path. 

I 
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The work is exacUy the same. We should, however, use 
some general symbol (/) for the acceleration instead of g, and 
instead of '' the vertical line/' we should talk of *' the constant 
direction of acceleration ;" and, instead of a '' horizontal line/' 
'' a line perpendicular to the constant direction of acceleration;" 
and instead of " falling from M to P/' " moving from if to P 
with the constant acceleration/' 



157. The student is advised, in working the examples, not 
to assume any of the results proved in this chapter, except 
those of Art 146. 

All other results should be worked out for each particular case. 

158. Ex. A particle is projected on a smooth inclined plane, 
in some direction not in the line of greatest slope through 
the point of projection ; determine the motion. 

We may reproduce Art. 136 as far as (3) ; except that in- 
stead of PA we will draw PVj and instead of the phrase 
" down PAy' we will use " parallel to PF." 
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Further, the direction of projection is not coincident with 
the direction of the constant acceleration g And, 

Hence the path is a parabola on the inclined plane, having 
its axis in the direction of the lines of greatest slope. And 
all the results of Art. 146, etc. follow, reading g sin^ for g^ 
" line of greatest slope " for vertical line, etc., and " time of 
sliding from M to P" instead of " time of falling from M to P." 



PARABOLIC MOTION. 1 3 r 

159. The most common instances, in which a body is pro- 
jected in a direction not vertical, occur in the use of fire- 
arms. 

There is a great difference between the lengths of the ranges 
found by the methods of this chapter and by measurement in 
practice. This difference is due to the resistance of the air, 
which has considerable effect in retarding the balls, and thus 
there is produced a great difference between the motions of 
projectiles in vacuo and in air. 

The analysis, which the student is supposed in this treatise 
to have at his command, is not sufficient for calculating the 
effect of this resisting force of air. 



EXAMPLES.— XXV, 

(i.) ABC is a right-angled triangle in a vertical plane with its 
hypothennse AB horizontal; a particle projected from A passes 
through C and fedls at B ; prove that the tangent of the angle of pro- 
jection a 2 ooBec2^, and that the latus rectum of the path described 
IB equal to the height of the triangle. 

(2.) A particle is projected, with a velocity V2(jra, firom a point A 
so as to pass through another point £, whose vertical and horizontal 
distances from ^ are ^, % ; show that^ when there is only one possible 
direction of projection, ib^a>4a(a - h). 

(3.) Two indined planes of equal altitude h, and inclined at the 
same angle a to the horizon, are placed back to back upon a horizontal 
plane. A ball is projected from the foot of one plane along its surfjEU^ 
and in a direction making an angle /3 with its line of intersection with 
the horizontal plane. After flying over the top of the ridge it fiaUs at 
the foot of the other plane ; show that the velocity of projection is 

\^gh coeec/3V8+ cosec^a. 
(4.) K any number of particles be projected at the same time and 
in the same direction with different velocities, show that at any time 
a straight line can be drawn through them ; and, if in different direc- 
tions with the same velocity, that they all lie at any time on the surface 
of the same sphere. 
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(5.) A particle is projected up a smooth inclined plane in the form 
of a rectangle with given sides. Find the velocity of projection from 
one comer in order that the particle may leave the plane horizontally 
at the other comer ; and show that the ratio of the horizontal range 
after leaving the plane to that described on the plane is the sine of the 
angle of elevation of the plane. 

(6.) A shell explodes at its highest point into two equal parts which 
receive equal velocities in opposite directions^ supposing that the times 
which elapse between the explosion and the arrival of each piece on 
the ground be observed, and also the distances of the pieces from the 
original point of projection, find the velocities and directions of explo- 
sion and projection. 

If the times be as the squares of the distances, the direction of ex- 
plosion will be vertical 

(7.) Particles are projected from the same point and in the same 
vertical plane so as to describe equal parabolas. Show that the vertices 
of their paths lie on a parabola. 

(8.) Chords are drawn, joining any point of a vertical circle with its 
highest and lowest points ; prove that, if a heavy particle slide down 
the latter chord, the parabola, which it will describe after leaving the 
chord, will be touched by the former chord, and that the locus of the 
points of contact will be a circle. 

(9.) A body is projected up an inclined plane, whose inclination (a) 
to the horizon is less than 45^, with a velocity due to a height h. Find 
the length of the inclined plane in order that the distance, at which it 
strikes the horizontal plane through the point of starting, may be a 
maximum. Prove that the length is 2A cot2a seco. 

(10.) A heavy particle is projected from one point so as to pass 
through another, not in the same horizontal line with it ; prove that 
the locus of the focus of its path will be an hyperbola. 

(11.) If tangents be drawn to two parabolic paths, having the same 
foci, from any point in the common axis, the velocities at the points of 
contact are equal. 

(12.) A cat on the top of a wall of height h, springs at a mouse on a 
horizontal plane below at a distance » from the wall ; the mouse runs 
at once towards its hole which is vertically under the cat's position. 
The cat just catches the mouse ; show that the velocity of the mouse 

=5^ V^ ) V4^^ + ^^- V^^ I , where { is the latus rectum of the cat's 
path. 
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(13.) Two bodies are projected from the same point at the same in- 
stant, with velocities v^ and % and in directions making angles a\ and 
Ofl with the horizon ; show that the time, which elapses between their 
transits through the other point which is common to their paths, 

__ 2 v^t 8in(ai<^ag) 
^ g Vicosai + t^cosoa 

(14.) Show that the product of the velocities at any two points of 
the path of a projectile is proportional to the distance of the point of 
intersection of tangents at those points from the focus. 

(15.) A body is projected with a velocity Fin a direction OT in- 
clined at an angle a to the horizon, and a horizontal velocity Fsina in 
a direction at right angles to OT^ Show that the latus rectum of the 
path described is equal to 4 times the greatest height the body would 
rise to, if projected vertically upwards with the velocity F. 

(16.) A stone is thrown in such a manner that it would just hit a 
bird at the top of a tree, and afterwards reach a height double that of 
the tree. K at the moment of throwing the stone the bird flies away 
horizontally, prove that the stone will, notwithstanding, hit the bird, 
if its horizontal velocity be to that of the' bird as V^ + 1 : 2. 

(17.) Two particles are projected from the same point on an inclined 
plane, one horizontally and the other at right angles to the horizontal 
lines, find their distance apart at any time. 

(18.) Show that the two instants, at which a body has a certain 
angular elevation when seen from one point in the plane of its motion, 
are equidistant from the two instants at which it has the same angular 
elevation when seen from another point in the same plane on a level 
with the former. 

(19.) A particle slides down a smooth inclined plane ; prove that the 
distance between the foot of the plane and the focus of the particle's 
path after leaving the plane is equal to the height of the plane. 

(20.) A rifle sighted to hit the centre of the target at a distance of 
a, and on the same horizontal Une as the muzzle, is inclined at an angle 
a to the horizon. Show that if its inclination to the horizon receive a 

2a co82fli 

small decrease ^, the ball will hit the target at a point , ^ ^ above 

the centre. 

(21.) A heavy particle is projected obliquely upwards ; if Vj, Vj be 
its component vertical velocities ascending, and %y v^ descending, re- 
spectively, at any four points of its path which lie on a circle, show that 
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160. In this chapter we shall discuss the change produced 
in the motion of a body by its impinging, or colliding, against 
another, or by another impinging, or colliding, against it The 
act of impinging, or colliding, is called impact, or collision. 

161. When two bodies come into collision, they may or they 
may not afterwards separate. At any rate a finite change is 
almost instantaneously produced in the motion of each, and 
therefore each must have exerted on the other an impulsive 
force to produce this change. The two forces thus brought 
into play are, by Law III., equal and opposite. 

Let the bodies be smooth spheres, A and A\ Then, since 
they are smooth, the mutual action between them must be 
wholly normal, and, since they are spheres, it must be in the 
line joining their centres, called their line of centres. 

Then, by Law II., the only change, which takes place in the 
motion of either, must be in this line. 

162. Direet Impact — In the first place let their centres be 
moving before impact in this straight line ; and therefore after 
impact the centres will continue to move in it. 

Let m and mf denote the masses of A and A\ Suppose 
that they are both moving one way before impact, say from 
left to right. 

Let u and u' denote their velocities before impact. 

[The case of one ball meeting the other would be allowed for 
by changing the sign of one velocity, say u'J] 

1S4 
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Let t; and v' denote the yelocities after impact. 

[Thus v will be positive, or negative, according as ^ is 
moving after impact from left to right, or from right to left. 
Similarly for v' and A'^ 

Then fim^mo denotes the change in the momentum of Aj 
m'v! — m'v' „ „ „ A , 

Let R denote the amount of force exerted by A on A'y and 
therefore — JS the amount exerted by A' on A, These pro- 
duce the above changes. 

Therefore, Art. 123, fWM—77M;=—jB . . . (i), 

w!u' — wfv'^sS , . . (2). 

These equations are not sufficient to determine v, v' and R, 
To find a third equation we must consider whether or not the 
bodies tend to separate after impact, %.e. whether the bodies 
are elastic or inelastic. 

I. Inelastic Bodies, — ^No separation takes place after impact 
between such bodies. Hence after impact they both move on 
with the same velocity ; 

.'. V=iV' .... (3). 

Now from (i), u—v=~—* 

Tf 

and from (2), t*'~t^=— >; 
subtracting, we have, since v^v\ ^■"**'~'~^^^o 

•Vfrom (i), v=^u+--- =^— ^ ■ ^> (^— ^ ) 



'-.' 



mu+mvl 



(5). 



This last result could also have been obtained thus. Since, 
by Art. 128, no change can be produced in the momentum of 
the whole system by the impact, therefore mv+mV=:mu+m^u\ 
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n. Elastic Bodies, — It is found by experiment that, as long as 
the substances of which the bodies are made remain the same, 
whatever be their masses and their velocities before impact, 
their relative velocity after impact bears a eonstani ratio to 
their relative velocity before impact This constant ratio is 
called the modulus of elasticity of the two substances. It is 
usually denoted by e. 

Thus, when iron impinges on iron, e has one value, 

„ iron „ wood, e has another value, 

„ wood „ wood, e has a third „ 

The different values of e can be determined by experiments 
which will be described in a future chapter. In our case, 
before impact, since both balls are supposed to be moving 
the same way and A is catching up A\ u—u' denotes the 
relative velocity. For the positive case after impact we should 
suppose that A and A' both move the same way as before 
impact, and then t/— v will represent their relative velocity. 

[If A were to move the opposite way after impact, v would 
be negative, and the relative velocity would be the sum of 
their actual velocities.] 

Hence i/—t; :«*— «/=€;.•. «;'—t;=e(M—t*') . (6). 

Now, from (i), u-^v=~--y 



B 
and from (2), «*'— «^'=z/; 

B B 
.-., subtracting,— ——^=w—^'—«;+t?'=«*— w'+C^^'—t^) 

z:zU'-u'+e(u—u')={l+e){U'^u'); 

.-., from (i),i>=«+-=M-^j^:p^l +«)(«-«'). • (8). 
from(2),»'=«'-|,=«'+^,(l+«K«-«0 • (9). 
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163. If for any two substances e were equal to 1, they would 
be said to be perfectly elastic. Probably no such substances 
exist in nature. 

164. If we put 6=0, the formulsB for elastic bodies become 
the same as those for inelastic bodies. This we should expect 
beforehand, for when the bodies are inelastic t/sst;, or i;'— 1;=0, 

and therefore e=— ^=0. 

165. When two bodies impinge as above, so that at the 
moment of impact neither has any motion except in the direc- 
tion of the common normal, the impact is said to be dired. 
In other cases the impact is said to be oblvjum^. 



EXAMPLES.— XXVI. 

(i.) A sphere of six pounds mass, moying at the rate of 10 miles an 
hour, overtakes another of four pounds mass, moving at 5 miles an 
hour ; determine their velocities after colhsion, assuming t—\^ the 
impact being supposed direct. 

(2.) If A impinges on B at rest, and is itself reduced to rest by the 
impulse, find the ratio of the masses of A and By when the elasticity 

(3.) The result of a direct impact between two balls moving with 
equal velocity is such that one of them returns with its former velocity, 
and the other follows it with half that velocity. Show that one ball 
is four times as heavy as the other, and that e = ^. 

(4.) Two perfectly elastic balls, of masses m and 3m, meet one 
another when travelling with velocities u and 5u. Find their subse- 
quent velocities. 

(5.) A ball impinges on another, of twice its mass, travelling in the 
opposite direction with two-thirds of its velocity (6=^). Show that it 
returns with one-third of its former velocity. 

(6.) A ball impinges on another at rest, of half its mass, which after- 
wards travels with a velocity 4. Find the original and <:ubsequent 
velocities of the first ball, e being \, 
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(7.) Three balls, AyB, C are placed in a line, ^, £ are of the same 
mass. If A strikes B directly, show that after Bhas strack 0, A will 

overtake J3, if Cs mass be more than - — ^ of ^'s, e being the common 

coefficient of elasticity. 

(8.) AyByCaxe three perfectly elastic balls at rest in the same 
straight line, B is made to impinge npon A and rebounding strikes C. 
Show that, if A and C, after haying been struck by By each move with 
the same velocity, fii«+m,sm^-m^ nh}^"^^ being the masses of 
A, By C respectively. 

(9.) A series of perfectly elastic baUs are arranged in the same 
straight line, one of them impinges directly on the next, and so on ; 
prove that, if their masses form a geometrical progression of which 
the common ratio is 2, their velocities after impact will form a geo- 
metrical progression of which the common ratio is f . 

(10.) Four perfectly elastic bodies. Ay By C, D, are situated 'in a 
straight line, the three last being at rest; find the ratio of their 
masses so that the quantity of motion in A may be equally divided 
among the four balls after collision. 



166. Oblique Impact. — ^Let two spheres, A and A', impinge 
obliquely. 

Let the directions of motion of the two centres make, with 
the line of centres, angles a, a' before, and P, p after, impact. 
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Then the velocity of -4, before impact, is equivalent to u coso 
in the line of centres and u sina perpendicular to this line ; 
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and, after impact, to t;cosj3 and t;smj3 in these directions. 
Similarly for the velocities of A'. 

Now the only change, which takes place on account of the 
impact, being in the direction of the line of centres, the resolved 
part of the velocity, of either ball, perpendicular to this line 
will be the same after impact as before ; 

.*. t; sin/?=t^ sina, . . . (i), 
t^ sin/?'=i«' sina' . . . (2). 

Again, by Law II., the change of motion in the line of 
centres is the same as if the motion perpendicular to this line 
did not exist ; i.e. it is the same as if the impact had been 
direct, and the spheres had been moving with velocities u cosa, 
w'cosa'. 

Therefore, if the spheres are inelastic, 

rx, n, wii* cosa +wiV cosa' , . 

t/ cos^=«; cos^= ^:p^, . . . (3). 

These, with (i) and (2), are sufficient for determining 

Also, -B= — ^?^X^ cosa— 1«' cosa') . . (4). 
And, if the spheres are elastic. 



m 



f 



V C08j8=t« cosa ; — ^,(1 +e){u cosa— 1*' cosa'), (5), 

i/ cosj3'=t*' cosa'H — !!}L^(l+e)(u cosa— «*' cosa'). (6). 

These, with (i) and (2), are sufficient for determining 
?;, i;', A iS'. 

Also, B= ^^(l+e)(t4COSa-i4'cosa') . (7). 
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EXAMPLES.— XXVII. 

(1.) A sphere of mass 3 moviDg with a velocity 5 overtakes another 
sphere of mass 7 moving with a velocity 4. The directions of the first 
and second spheres before impact make angles 30° and 60° with the 
lines of centres at the instant of impact, and both spheres before im- 
pact are moving towards the line of centres from the tamt part. 
Determine their motions after impact, e being \, 

(2.) A collision takes place between two balls of masses 5 and 6 
Tiueimg one another with velocities 3 and 4 in directions making angles 
30° and 46° with the line of centres towards which they are moving 
before the collision from opposite parts. Determine their subsequent 
motions, the modulns of elasticity being f . 

(3.) A ball moving with velocity 5 impinges at an angle 30° on a 
ball of double its mass at rest. The coefficient of elasticity being ^, 
determine their subsequent motions, and the angle between their lines 
of motion. 

(4.) One ball impinges on another at rest, of three times its own 
mafis, the coefficient of elasticity being ^ ; and after the impact the 
direction of its motion is found to be inclined at an angle of 60° to its 
old direction. Determine the angle between its original direction and 
the line of centres. If the other ball start with a velocity 3, detennine 
the velocity of the first before and after impact. 

(j,) A sphere impinges obliquely on another at rest ; determine 
the angle of deviation through which the direction of its motion is 
vumed. 

(6.) Two balls, whose masses are m and m/, impinge, and their direc- 
tions of motion after impact are perpendicular to their directions 
before impact ; if a, a' be the angles which their directions before 
impact make with the line joining their centres, prove that the elas* 
ticity is 

m sin'g^ + m/ sin'a 
m cos^a' + m' cos^a 

(7.) Two perfectly elastic balls, A and B, impinge upon each other. 
First A impinges on B at rest and goes off in a direction making an 
angle S with the line joining their centres ; then B impinges on A at 
rest and at the same angle of incidence and goes off at an angle 6. 
Prove that d + d'= 180. 
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Prove also that, if the balls are imperfectly elastic, and the angles of 
incidence in the two cases be a and a', then 

cot^ cot^ 
cota"'"cota'"^~*- 

(8.) Two balls, of elasticity ^ moving with equal momenta in parallel 
directions, impinge ; prove that, if their directions of motion be opposite, 
they will move after impact with equal momenta in parallel directions, 
and that this direction will be perpendicular to the original direction, 

if their common normal is inclined at an angle sec'^ ^J\-k-t\xi that 
direction. 

(9.) Small equal spherical balls of perfect elasticity are pkoed at the 
angular points of a regular polygon of n sides ; one of them is projected 
with velocity (F) so as to strike aU the others in succession, and to 
pass through its original position. Find the velocity with which it 
returns, and the directions of motion and the velocities of all the 
balls. 

(10.) A ball is struck so as to proceed at 45° to its previous direction 
of motion ; what must have been its mass that the same blow might 
have diverted the direction at right angles ? 

(i I.) ^J^ODis an ordinaiyrectangular billiard table, perfectly smooth ; 
E a ball in a given position ; it is required to select the proper posi- 
tion for another ball i^, in all respects like the first, so that the player 
striking E upon i^, may cause i^ to run into the comer pocket A and 
E to run into D with equal velocities, without the intervention of the 
sides, the elasticity of the balls being perfect. 

(12.) If a row c^ equal, perfectly elastic, balls in contact be struck 
directly by a similar biJl, show that the last ball will fly off with a 
velocity equal to that of the striking ball, and that the others will 
remain at rest. 

(13.) Two perfectly elastic balls, of equal size and mass, impinge, 
after describing given distances on a smooth horizontal plane with 
uniform velocities. Prove that, if the directions of motion after 
impact are parallel, the cosine of the angle between their original direc- 
tions \& equal to the ratio of the product of the velocities after and 
before impact. Show also that the rectangles, of which the described 
distances are diagonals, and whose sides are parallel and perpendicular 
to the line of impact, are equal in area. 
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167. Impact of a sphere on a fixed surfcux. 

If an elastic ball impinge on a fixed smooth plane, we may 
deduce the subsequent motion of the ball from the preceding 
formulae, as follows : — 

Let m be the mass of the ball ; «, v be its velocities before, 
and after, impact ; a, j3 the acute angles which the directions 
of its motion, before and after impact, moike with the plane. 

Since the plane is fixed, its velocity before and after impact 

must be zero ; .*. i*'=0, v'=0. Also it may be regarded as 

part of the earth and as a sphere of mass m' so large that 

m 

—7 is so small that it may be neglected ; 

m' 1 __- 



m 
Thus V cosP=u cosa, 
And «;sinj8=i*sina— (l+«)wsina=— cwsina; 

.'. tanj3=6tana, and «;=wV«*sin*a+ cos^a. 

If the ball is inelastic, we have 6=0 and v sin/:^=0, or j3=0, 
so that the ball after impact remains at rest when the impact 
is direct, and moves along the plane with a velocity u cosa 
when the impact is oblique. 

If the ball be perfectly elastic, e=l ; .•. a=p ; and v=u, 

168. These results may also be obtained at once, as fol- 
lows : — 

The action of the plane on the ball is normal to the plane ; 
therefore the motion perpendicular to this direction, i,e. par- 
allel to the plane, is unaltered ; 

.*. vcosl3=ucoBa. 

If the impact is direct, there is no motion parallel to the 
plane before, and therefore none after, impact. 

And also the motion normal to the plane is altered in the 
same way as if the motion parallel to the plane did not exist. 
Now the plane being fixed, u sina, the velocity of the ball in 
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this direction, is the relative velocity of the ball and plane 
before impact ; and v sinjS is the relative velocity after impact, 
if the ball is elastic. Hence in this case vsinj3:ti8ina=e, 
Art 164 ; .% v sinj3=ett sina. 

Hence tanjSsetana, and v^uij cos'a+e* sin'a. 

But if the ball is inelastic, it does not separate from the 
plane after impact, and therefore it only moves along the plane, 
or is at rest, according as the impact was oblique, or direct 

169. The same conclusions are true, if the ball impinges upon 
any smooth fixed curved surface, only using the phrase '* along 
a tangent to the sur&ce," instead '' along the plane," etc. 

EXAMPLES.— XX VIIL 

(i.) A ball impinges on a plane at an angle 60^ (%.& the angle its 
direction of motion before impact makes with the noimal is 30^), 
moving with a velocity 5. Given that the modulus of elasticity is ^, 
determine the magnitude and direction of the velocity after impact. 
What is the angle between its two directions of motion ? 

(2.) By the impact of a ball on a plane the directioii of its motion 
is turned through a right angle, the modulus of elasticity being *25 ; 
determine the direction of the ball's motion before impact 

(3.) Two points A and B are taken on the diameter of a circle and 
on opposite sides of its centre 0. If OA, OB be respectively one half, 
and one sixth, of the radius, show that a perfectiy elastic ball projected 

from ^ at an angle cot~^-^ to the diameter will, affcer rebounding 

from the circle, pass through B, 

(4.) A billiard ball, moving in a line perpendicular to a cnshion, im> 

pinges directly on an equal ball at rest at a distance a from the 

2e' 
cushion. Show that they will again impinge at a distance y—^a 

from the cushion, e being the coefficient of elasticity between the balls 
and the cushion. 

(5.) A perfectly elastic particle is projected from a comer of a rect- 
angle in the direction bisecting the angle between the adjacent sides, 
under what conditions wiU it return to the point of projection, and 
how many impacts will have taken place against the sides ? 
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(6.) An imperfectly elastic ball is projected along a smooth hori- 
zontal table in the direction J.0, it strikes a smooth vertical plane at 
and rebounds in the direction OjB ; it is then projected along BO 
and rebounds in the direction OQ, If the angle J. 00 be the greatest 
possible, prove that the acute angles of inclination of J., OB, OC to 
the vertide plane are in A,F. 

(7.) Two elastic balls, A and B, of equal radii, the modulus of 
whose elasticity is ^, and such that 3J?=5il, lie on a smooth 
horizontal plane. A impinging on B at rest drives it against a 
vertical wall of same elasticity. Show that B on returning will meet 
Jl at a distance from the vertical plane equal to one-third of its 
original distance. 

(8.) A and jB are two balls lying on a horizontal table bounded by 
a straight cushion ; being given the distances of A and B from 
the cushion and from each other, and the coefficient of elasticity 
between the ball and the cushion, find the direction in which A 
must be struck so that after rebounding from the cushion it may 
hitB. 

(9.) ABC is a triangle, and AP, BQ are drawn perpendicular to 
BCf CA, A perfectly elastic ball is projected from P along FQ, show 
that after impinging on CAy AB (supposed smooth), it will return to 
P, and pursue the same path as before. 

(10.) ABC is a horizontal circle ; a ball projected from A is reflected 
at B and C, and returns to A ; show that the time from AtoB: the 
time from to ^ =the modulus of elasticity. 

170. Compressum and EesiUution, 

When one body in motion comes in contact with another, 
it is found that its surface is bent, and each body compressed 
about the part where it is in contact. 

Thus, if a smooth fixed slab is smeared with a fine coloured 
matter and a white sphere of ivory is let fall on it, a small 
coloured spot of finite size is found on the ivory, showing that 
the ball was in contact, not at a geometrical point, but through- 
out the small spot ; hence the sphere must have been flattened 
in and the ivory compressed. Further, the ivory ball after- 
wards presents no appearance of being permanently flattened, 
and has recovered its original shape. Hence after the com- 
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pression a restitution of shape took place. The effort towards 
restitution in such cases brings into play a force which sepa- 
rates the bodies. Hence they are elastic bodies whose shapes 
are restored. 

If, on the other hand, we did the same with a ball of wax, 
we should find the coloured spot, but it would be flattened, and 
apparently no restitution would have taken place. Thus be- 
tween bodies, in which no restitution occurs, after the greatest 
amount of compression is reached, no separation takes place, 
t.e. they are inelastic. It will be observed that, until the 
moment of greatest compression, elastic and inelastic bodies 
behave in exactly the same manner, and that the difference 
consists in this, that the elastic bodies exert on each other a 
force of restitution, and the inelastic bodies do not exert such 
a force. 

Now as long as two spheres are being compressed they seem 
to be, as it were, approaching each other, and it is not until 
the compression is completed (which, we suppose, takes place at 
the same instant for each ball) and the restitution begun that 
they begin to separajie. So that at the moment of greatest 
compression they are neither approaching nor separating, 
%,e. they have a common velocity. Denote it by Z7. 
Call the bodies A and A*, Denote their masses by m and 
m', and their previous velocities in the line of centres by 
1^ and i«'. 

Hence mu-^mU and m'u'^tnfU denote the changes of 
momenta which have been produced. 

Now let Ri and — J?| denote the amounts of force which 
have been expended by A on A\ and by ^' on A^ up to this 
moment. Ri is called the force of compression. 

These two amounts of force have produced the above changes 
in the momenta. 

Hence rnt*— m?7==— J?i, mV— w?'Z7=5, ; 

m m 
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El Ei , p mm' , 

mm w?+m^ ' 

Hence, Art. 166,(7), £=(l+e)i?i, .... (i). 
Again, let E^ and — i2, denote the amounts of force which 
A and A' expend on each other after the moment of greatest 
compression. E^ is called the force of restitution. 

Then Ei+Ei=E; .•., from (i), Ei=eEi = -^r~~,{u''-u). 

Note. — In this investigation u and u' denote the components 
of the velocities of the spheres in the line of centres; therefore 
El and E^ are independent of the components perpendicular 
to the line of centres. Also we assume that the greatest com- 
pressions of both balls take place at the same instant. 

The name of the coefficient of restitution is sometimes given to e. 



171. We will now give examples of a class of Problems 
called sometimes Impact of Projectiles. 
Ex. I. A particle is dropped from a height a above the 
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centre of a bowl of radius a, the coefficient pf elasticity being e. 
Find where it must hit the bowl in order that after rebounding 
it may pass through the lowest point A. 

Let be the centre, OX the horizontal radius, P the point 
of impact. Denote the angle XOP by 0. Then the angle of 

impact is -^—0. 
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Just before impact, the vertical height through which the 
particle has fallen is a+a «mO, and its vertical velocity {u) is 
given by t4*=2^a(l+sintf) . . . (i), 

and is equivalent to u cos0, perpendicular to OP, 

and u sin0, along OP, 

The former is unaltered by the impact; but the latter is 
changed to eu sin0 along PO, Art. 168. 

Again, just after impact, let t; be its velocity, 4> the angle 
its direction of motion makes with PO. 

Hence v sin^=i£ cos0, and v cos^=^ sin0 ; 
and the angle, which its direction of motion makes with the 
horizon, is tf— ^. Therefore its velocity is equivalent to, 
horizontally, v cos(0— ^)=et£ sin^ co^O+u sin0 cos^ 

=(1 +g)i^ sintf costf ; . . (2) 
and vertically, f;sin(^— ^)=«*sin*&— wcos*ft . . (3). 

Let t be the time of going to P from ^. Then in time t the 
particle traverses a cos^ hcoizontally, and a-^a sin0 vertically 
downwards; 

.*. acosfl=t;cos(&— ^)^ . . . (4), 

— a(l-sine)=«>sin(«-<^)<-J^« . . (5). 

Now, eliminating t between (4) and (5), and v and <^ by 
means of (2) and (3)^ and u by means of (i), we have the 
equation 

4(1 +e){\ +sintf) sintf {(1 +e) sintf- 1 } = 1, 
for determining 0, which defines the point of impact. 

Ex. 2. A projectile starts from a point in a smooth horizontal 
plane, with velocity % at an angle to the horizon, — the co- 
efficient of elasticity between the projectile and plane being e. 

On reaching the plane again it has 

a vertical velocity u sin0, downwards, 
and a horizontal velocity u cos0. 

After the impact the latter remains the same, and the for- 
mer is changed to eu sin0, upwards. 

Just after the next impact the vertical velocity is e*a sin^, 
and so on. 



I 
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AkOy the intervals, which elapse between the instants when 

... , , ttsind JBUWud ^eHfrsind 
the projectile is on the plane, are 2 — - — , 2 , 2 , 

y y %f 

etc.; and the horizontal distances travetsed in them are 

uAo^d eu8in2^ ^'i^sinS^ . 
, , etc. 

9 ' 9 9 

Hence the whole horizontal range up to the n^ impact is 
u sin2^ ,, , , , , . ^^.K wsin2e 1— e» 

9 ^ ' 9 1— « 

The latus rectum of the path during each interval is the 

same, viz., ; and the greatest heights in the intervals 

u^ sin'tf e*v^ sin'tf e*i** sin'tf , 
are — -^ — . — -= , — ^ > ®^« 

Eq^ 3. A particle is projected and strikes against a vertical 
wall (coefficient of elasticity^^) at a distance a from the point 
of starting. Find when and where it will meet the horizontal 
plane through the point of starting. 
Let V be the velocity, and the angle, of projection. 
Then initially the velocity is equivalent to 

V COS0, horizontally, 
and V sin^, vertically. 
Let t be the time of reaching the wall ; 

Now the vertical velocity is unaltered by the impact, there- 
fore the vertical motion is the same, and the particle will reach 
the horizontal plane in the same time, as if the wall were not 
there. 

Hence if ^+r is the whole time of flight. 



«;sin^-Sf-?±^=0, or <+r= 



2t;sin^ 

2 '"^'-^ T"' 



y V cos6 
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Also, the horizontal velocity is changed to eu cos^ by the 
impact. 
Hence the particle will reach the ground at a distance from 

the wallssev cosfl/'— — sintf costf— a«= — sin20^a«. 

9 9 



• EXAMPLES.— XXIX. 

(i.) A mark on a vertical wall appears elevated fi degrees above the 
horizontal plane at a point in it, whence a ball of elasticity e projected 
at an angle a to the horizon, after striking the mark, rebounds to such 
pomt of projection. Prove that tana a (1 + 1) tan/3. 

(2.) A smooth hemispherical bowl is fixed with its axis vertical, and 
an elastic particle is dropped into it so as to impinge at a certain point. 
Find the height from which it must be dropped in order that after 
rebounding it may just clear the bowl. 

(3.) A body is dropped from a height of 100 feet, and rebounds to 
a height of 60 ; find the height of its second rebound and the coefficient 
of elasticity. 

(4.) A particle projected with a velocity F, and in a direction in- 
clined to the vertical at an angle a, impinges against a vertical wall 
whose plane is perpendicular to the plane of its path, and distant h 
from the point of projection ; prove that, if after impact the particle 

retnms to the pomt whence it Bt«^ the elasticity b ^,^^. 

(5.) A perfectiy elastic body is projected upwards £rom the bottom 
of an inclined plane, the direction of projection making an angle a 
with the horizon ; and after striking the inclined plane it is reflected 
vertically upwards. Show that tana = 2 tani + cot2t, i being the incli- 
nation of the plane to the horizon. 

(6.) An impeifectiy elastic ball is projected in a direction making 
an angle of 60° with the horizon, and when at its greatest height is re- 
flected by a vertical plane ; determine where the baU will again strike 
the horizon, and the whole time of flight. 

(7.) A plane AB is inclined at an angle /3 to the horizon, A being 
its lowest point. A ball (whose elasticity is e) is projected £rom A in 
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a direction AC making an angle \-r - -g j with the plane, and per- 
pendicular to the line in which the plane meets a horizontal plane 
thioagh A, Find the value of in order that the ball, after striking 
the plane, may b^in to rise in a direction parallel to AQ^ and if X), By 
Fy eta, are the points at which the ball successively rebounds, com- 
pare the lengths AD, DE, EF, etc., and find the extreme point in the 
plane which the baQ will reach. Verify the result by finding the per- 
pendicular height to which the velocity of projection is due. 

(8.) A perfectly elastic ball is projected from the foot of one of the 
walls of a room against the opposite wall, in a vertical plane perpen- 
dicular to both the walls ; show that, if it be required to hit the ceil- 
ing after the rebound, the ball must strike the wall at a point at least 
|ths of the height of the room from the floor. 

(9.) A ball falls from a given height above an elastic smooth plane. 
Prove that the time of hopping is the same for all inclinations of the 
plane. 

(10.) A ball, of elasticity e, is projected from a point, on a plane 
inclined at an angle a to the horizon, so as to impinge upon the plane ; 
prove that^ if 6, Bn be-the angles which the directions of motion, initially 
and immediately after the n^ rebound, make with the plane, 

cot^ — ^ cot^M = 2 tanai — - • 



MISCELLANEOUS EXAMPLES ON IMPACT.— XXX. 

(i .) A ball (of elasticity e) is projected from a point J. in a horizontal 
table ABy at an angle of 45°, so as to strike a vertical wall through B. 
The plane in which the ball moves is perpendicular to the wall, and 
the height of the point where it strikes the wall above AB is \ AB, 
If, after rebounding from the wall and once from the horizontal table, 
it just reaches the point A, find the value of 0. 

(2.) A body is projected from a point in a horizontal plane, so as 
after one rebound from the plane to strike directly against a vertical 
wall, and after two rebounds to return to the point of projection. 
Show that, if sin^ be the elasticity, sin3^=5 sin^ - 4. 

(3.) A ball of elasticity e is projected with a velocity v at an angle 
/3 with the plane, whose inclination is a, in a plane perpendicular to the 
intersection of the inclined plane with the horizontal ; show that the 
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ball will cease to hop at a distance £rom the point of projection equal to 

^v^ sin)3 seca/ ^ q sinjS tana\ 



2ir sinp 8^00 /^ _ smptana X 
■7 l-« \^ 1-e A 



(4.) A heavy particle is projected with velocity v from a point in an 
inclined plane whose angle is tan'^i, and hits the plane just at the 
highest point of its own path ; show that, if in its rebound it does the 
like, its elasticity sf. 

Show also that the time, in which it will after successive rebounds 
attain the limit of its ascent up the plane, is equal to the time in 
which it will slide down again to its original point of projection, and 

that this time =— -75- 

(5.) Two partides of the same elasticity are projected at the same 
instant from points on an inclined plane, with the same velocity, and 
in directions making the same angle with the plane, but one up and 
and the other down. Show that the line joining them is always par- 
allel to the plane. 

(6.) A perfectly elastic ball is projected vertically upwards with a 
velocity of twenty feet A similar ball is simultaneously let feJl to 
meet it. They meet after five seconds. Find their original distance 
apart, and describe their subsequent motion. 

(7.) A perfectly elastic particle is projected horizontally from the 
top of a tower 100 feet high in a direction perpendicular to the oppo- 
site side of the tower, which is 100 feet distant, and after one impact 
it strikes the ground just under the point of projection ; find the velo- 
city of projection. 

(8.) A perfectly elastic particle is projected from a point on the 
perimeter of a perfectly hard fixed ellipse, so that, after striking the curve 
n times, it returns to the point of projection. Prove that the length of 
its path is independent of the position of the point from which it starts. 

(9.) If, of two equally and perfectly elastic balls, one is projected so 
as to describe a parabola, and the other is dropped from the directrix 
so as just to fall upon the first when at its greatest height ; determine 
the position of the vertex of the new parabola, and the effect of the 
impact on the times at which the balls will reach the ground. 

(10.) One perfectly elastic ball begins to slide down an inclined 
plane at the same instant that another is projected up the plane with 
the velocity due to the height of the plane ; after impact the first ball 
ascends to the point from which it was let fall, and the second impinges 
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on a perfectly elastic obstacle at the foot of the plane. Show that the 
two balls mnst be of the same weight, and that they will meet in a 
point thiee-fonrths of the way np the plane. 

(ii.) A perfectly elastic ball is projected from sach a point in a 
wall of a triangular room and in such a direction that, after impact 
at the two other walls, it retains to the,point of projection, prove that 

the least velocity of projection is 2^v ^9 ^ ^> ^ being the hori- 
zontal lengths of the walls, and B the area of the floor. Also with 
this velocity find the least height of the room that the problem may 
be possible. 

(12.) A ball is projected horizontally from the top of a staircase, 
each step of which is a feet high and e feet broad, with a velocity 
^ij^/gnc i ^4 firom which step it will first rebound. 

(13.) Three perfectly elastic equal balls are resting on a billiard 
table, the sides of which are 20 feet and 12 feet in length, in the 
straight line bisecting the shorter sides ; each of the two extreme balls 
is 5 feet distant firom the side nearest it ; determine the angle at which 
the middle ball must strike one of the others that, aftier two reflections, 
it may strike the other balL 

(14.) Two equal balls, one perfectly elastic, the other inelastic, are 
dismissed by the same blow from the top of a flight of uniform steps, 
so that each falls just on the margin of the first step ; show that the 
number of steps cleared by the elastic ball in its successive flights is 
the series of successive odd numbers, and that the two balls reach the 
bottom of the steps simultaneously. 

(15.) An elastic particle is projected firom a point in a vertical plane 
against a parallel plane, and after n + 1 impacts at the latter plane, 
and n at the former, returns to the point of projection. The angle of 
projection being given, find the velocity of projection. 

(16.) A ball is projected from a point in a smooth pkne inclined at 
an angle a to the horizon, with the velocity v, in a vertical plane which 
cuts iJ^e inclined pkne in a horizontal line, and at an angle to the 
horizon. The coefficient of elasticity being e, show that the distance 
taken by the ball in its n^ bound in the direction of the line of greatest 
slope on the inclined plane is 

2g*"Hl + g)(l-^"^) . F» sin ^/3 sina^ 
1-e ' g 
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(17.) A body ia thrown vertically downward from a height A, and 
lebonndfl from a horizontal plane. If it just reach the point of 
projection again, find the relodty with which it impinges upon the 

plane, and show that its (velocity of projection)*^— ^ (velocity due to 

height Kfy e being the modulus of elasticity. 

(18.) An imperfectly elastic ball (modulus of elasticity » e) im- 
pinges directly against another ball equal to it, which is at rest The 
second ball strikes a cushion of elasticity e' at a distance a and re- 
bounds ; find the place and time at which they will meet again. 

(19.) Two imperfectly elastic balls, equal in size, but unequal in 
mass, are placed between two perfectly hard vertical planes, to which 
the line joining the centres of the balls is perpendicular, each ball 
being initially at a distance from the plane nearest to it inversely pro- 
portional to its mass. The balls approach one another with velocities 
inversely proportional to their masses ; prove that every impact will 
take place at the same point as the first does. 

(20.) A and B are given positions on a smooth horizontal table ; 
and ACf BD are perpendiculars on a hard plane at right angles to the 
table. If a ball struck from A rebounds to jB after impact at the 
middle point of CD, show that^ when it is sent back from Bto A, the 
point of impact on CD will diyide it in parts whose ratio is «* : 1, when 
e is the elasticity of the balL 

(21.) A number of balls, whose elasticity is ) (V^- 1), are let fall 
on an inclined plane, and each strikes it the second time twice as far 
down it as the first time ; show that the points from which they fall 
lie in a line perpendicular to the phme. 

(22.) Two bodies, P and Q, of which Q is inelastic, and P is per- 
fectly elastic and heavier than Q, are connected by an inextensible 
string which passes over a smooth fixed pulley. They start from rest 
at the same distance a from a fixed horizontal plane, and when P im- 
pinges on the plane and rebounds with unchaxtged velocity, Q strikes 
against a fixed obstacle and is reduced to instantaneous rest ; deter- 
mine the subsequent motion, and show that the two bodies are again 

at instantaneous rest when P is at a height 7^ — >x\o above the horizon- 

^ {F + QY 

tal plane. 

(23.) j1, P, are three equal smooth balls, situated on a horizontal 
table, and forming nn isosceles triangle having an obtuse angle at B ; 
if ui be struck so as that havpg hit B it shall hit C, show tlutt B will 
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move in a direction inclined to -4 Cat an angle <^, given by the equation 

sin2<6=— sin2^ 
^ 1 + e 

€ being the elasticity of the balls. 

(24.) Two equal scale pans, each of mass M, are connected by a 
string which passes over a smooth peg, and are at rest. A particle of 

mass m is dropped on one of them &om a height >- , the coefficient of 

elasticity between the particle and the scale pan being e. Find the velo- 
city of the scale pans after the first impact, and show that if the length 

of the string exceed — -^- m + 2M * "^^^^^ impaict will take place. 

Also, prove that if the string be long enough the velocity of the 

1 ^ ^^ vttu 

scale pans after the »** impact will be (1 + e)~ -^r^, and that 

1 — e m + 2J!d 

the particle will come to relative rest after a time -7^ — r* 

Sr(l-e) 

(25.) A string, passing over a pulley at the top of an inclined plane, 

connects two equal particles, one of which is placed on the plane and 

the other hangs freely; below the descending point is a perfectly 

elastic horizontal plane ; prove that, if the string become stretched 

when this particle has reached its greatest height after the n*^ rebound, 

the inclination of the plane is sin" ^ ^ ~ 



(2n-l)«* 

(26.) Two weights Q, P (Q:>P) connected by an inelastic string pass- 
ing over a smooth pulley, are initially at rest, Q being at a distance 8 
above a horizontal table, the modulus of elasticity between which and 
Q is e ; the system is then allowed to move freely, and the table is 
removed after Q has impinged upon it. Show that the velocity of P just 

after the string again becomes tight is equal to ^MQ^M^). 

(27.) A parabola is placed in a vertical plane with its axis vertical 
and vertex downwards. A particle, whose elasticity is ^, strikes the 

curve at an angle sin" ^-^^ with velocity due to half the latus rectum. 

Find where it strikes if after rebounding it passes through the vertex. 
(28.) Three equal perfectly elastic individuals start simultaneously, 
skating on the fauce of a smooth triangular sheet of floating ice, from the 
angles of the triangle to meet at the centre of gravity ; determine their 
subsequent motion. 
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(29.) When a projectile arriyes at an end of the latus rectum of 
its path, another equal body falls upon it from the directrix. Find 
the consequent change in its path, supposing the bodies perfectly 
elastic. 

(30.) A perfectly elastic particle is dropped from a point on the 
interior of a smooth sphere ; show that, after its second impact on the 
sphere, it will ascend vertically, and will continually pass and repass 
along the same vertical and parabolic paths, if the horizontal distance 

(3 - J2)* 
of its first vertical path from the centre be — 5 — —' (the radius of the 

sphere). 

(31.) An imperfectly elastic ball is dropped into a hemispherical 
bowl from a height n times the radius of the bowl above the point of 
impact, so as to strike the bowl at a point distant 30^ of arc from its 
lowest point, and just rebounds over the edge of the bowl. Find the 
elasticity of the bdL 

(32.) A ball of elasticity t is projected from a given point with a 
given velocity at an elevation a, and impinges at the highest point of 
its tnjectory against a plane inclined to the horizon at an angle ^. 
If the ball after impact descend vertically, show that cot^BvVe, and 
the velocity on reaching the horizontal plane through the point of 
projection is to the velocity of projection as tjt cosa + sina to 1. 

(33.) In a game of croquet a ball which is to be croqued is at a 
certain distance on one side of a hoop ; the striker wishes to place 
his ball so that after the croquet it may be in front of the hoop, 
and the other ball be at the same distance behind it. Show that 
the player must give his stroke in the direction of the hoop, and that 
the line joining the centres of the two balls must be inclined at an angle 
tan" V^ ^0 ^^is direction, e being the coefficient of elasticity between 
the balls. 

(34.) The sides of a triangle ABC subtend equal angles at a point 
within it. Prove that if from 0, three perfectly elastic balls be 
projected simultaneously with equal velocities in directions AO^ BO, 
CO, produced respectively, they will, after rebounding from the sides, 
all meet together simultuieously. 

(35.) A body of elasticity e slides down a plane uil (7 inclined to the 
horizon at an angle a. After impinging on a horizontal plane at C, it 
strikes horizontdly a vertical plane at a distance k from (7 at a height 
h above C Show that ek tana =2^, and find AC. 
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172. Prop. If mi, m,, eic, are the masses of a nwmher of 
particles moving at any insta/nt in the same, or qpposUe, dtredions, 
with velocities u^y u^y etc., then the vdodty (u) of the Centre of 
Qramty of (he system at that instant is 

miUi +miUi+etc, _ ^mu) 
mi+m2+etc. ~ 2(m) * 

Let OFbe a line perpendictQar to 
the direction of motion of the parti- 
cles. 

Let Xi^x^y etc. be the distances of 

mi, m,, etc. from OY at the instant 
under consideration. 

Suppose that the particles retain 
their velocities for a time /, then 
at the end of the time t the distances from OY are x^+u^t, 

x^+uj, etc. 
Let 5, ^ be the distances of the C.G. from OY at the 

beginning and end of the time t. 
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Then «= 



miXi+m^Xt+eic, 
mi+^i+etc. 



(i), 



lfi6 



._ mi(a!i+ifiO+m,(a?,+^iO+etc. 
mi+mt+Qtc. 

migi+m,a;,+etc. miUi+m^Ut+etc. ^ 
"" mi+mi+etc, mi+m,+etc. 
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"*" mi+m,+etc. ' 

... ar-flj- wu+«»a+etc. 

Hence as long as the velocities of the particles remain uni- 
form, the change in the position of the C.G. is proportional 
to the time, and therefore the C.Q. moves with uniform velo- 

, . rwit^i+w»jt*j+etc. 

city, whose measure is ^ 1^ ■ ^f^ — > 

°'' ^^■^^' 

Cor. 1. If the particles are moving with velocities Ui, u^^ 
etc. in directions, not parallel to the same fixed line OX, 
but making with it angles 0|, 0,, etc., then the velocities 
parallel to OX are Ux cos^i, «, cos^,, etc., and we can show, as 
in the Prop., that the velocity of the G.G., 

and, perpendicular to OX, ?(^^) . 

Cor. 2. In the expression for the velocity of the C.G. in 
any direction OX the numerator is the measure of the momen- 
tum of the system parallel to OX, and the denominator is the 
measure of tlie mass of the system. 

Now, in Art. 128, we saw that no action, which takes place 
amongst the particles of the system, can effect the momentum 
in any direction, and therefore cannot effect the motion of the 
C.G. in this direction. And, this being true for all directions, 
ilit motion of the C,G. of a system is wholly tmaffected by any action 
between the parts. 

For example, the motion of the C.G. of two balls impinging 
is not affected by the impact of the balls. 
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173. When the velocities of the particles are changing with 
the accelerations aj, a,, etc., of which the directions make 
angles <^i, <^„ etc. with some fixed straight line OX^ then 
their accelerations parallel to OX are oci cos<^,, a, cos<^, etc. 
And the velocity of the C.G. parallel to OX at the instant is 

mxUx cos^i +fn,^a cos^a +etc. _ 

mi+7w,+etc. *' 

and at the end of an interval i^ during which the accelerations 
remain constant, it is 

7n,(i*i cos^i+tti cos<^i/)+etc.__ , mta, cos^i+etc. . 
wij+Wj+etc. "" * wii4-wi,+etc. 

Hence the change in the velocity is proportional to the 

time; and therefore the accderaXim of the motion of the C.G. 

■n 1 . r^^ ' ./. 7 1 ^ 2(ma cos<f>) 

paraud to OX %8 vmform and equal to v/^\ — 

Similarly the acceleration perpendicular to OX is ^^ ^' . 

174. The student must notice that the tenn Centre of Inertia 
is sometimes used for the point whose position is defined by 
equations such as (i) of Art. 172. Hence the Propositions in 
the two preceding Articles might be stated thus: To deter- 
mine the velocity and acceleration of the Centre of Inertia of a system, 
having given the velocities and accelerations of the various parts. 



EXAMPLES.— XXXI. 

(i.) Three equal pArticles are projected, each from an aogolar point 
of a triangle, along the sides taken in order, with velocities propor- 
tional to tiie sides along which they move ; prove that their centre of 
gravity remains at rest. Hence show that, if P, Q, 12 be points in the 
sides BCy CA, AB, respectively, of the triangle ABC, such that 

^= ^=4S> then the centre of gravity of the triangle PQB 
VF A (J Jail 

ddes with that of ABC, 



com- 
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(2.) Two equal molecales are connected together by a fine inelastic 
thread, one of them is placed on a smooth table, the other just over 
the edge, the thread being at full stretch perpendicular to the edge. 
Find the velocity of the centre of gravity of the molecules the instant 
after the former has left the table, and prove that the whole interval 
of time, from the commencement of the motion to the instant when 
the thread first becomes horizontal, varies as the square root of the 
length of the string. 

(3.) In the system of pulleys in which each hangs by a separate 
string, P just supports W ; show that, if P is removed and a weight Q 
substituted, the centre of gravity of the system will descend with 

acceleration 9' i^^qw\(Qjl. if^ > ^® weights of the pulleys being 

neglected. 

(4.) Two equal and perfectly elastic balls, of which the centres are 
initially at the opposite ends of a diagonal of a rectangle, proceed to- 
wards one of the other angles, with velocities proportional to the sides 
along which they move ; determine the direction of motion of each 
ball after impact, and the path of their centre of gravity. 

(5.) Two weights, P and Q, are connected by an inextensible string, 
the length of which =2 ; and the mass of Q is double that of P. Q is 
laid upon a perfectly smooth horizontal table (the height of which from 
the ground »2Q, at a distance I from the edge, and P just hangs over 
the edge. Find the whole time which elapses before P strikes the 
ground, and compare the velodty of P at that moment with its velo- 
city when Q leaves the table. 

Trace the whole path described by the centre of gravity of P and Q. 

(6.) In a wheel and axle, the arm of the power P is r, and that of the 
weight W is r^. Show that the centre of gravity of P and W moves 



with the constant acceleration 



{J^^yPi^Tr^^-Wr^ 
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175. We have seen, Art. 69, that, if a particle moves in a 
curve, then, at any point where its velocity is v and the radius 

of curvature p, the normal acceleration is — If m is the mass 

P 

of the particle, the force necessary to produce this acceleration 
is — • So that the resolved part, in the direction of the 

normal, of the resultant force acting on the particle, i.e. the 

sum of the resolved parts in the direction of the normal of all 

mv* 
the forces acting, is — • 

r 

176. Ex. I. Thus if a particle P, of 
mass m, be tied by a string of length 
a to a fixed point in a smooth hori- 
zontal plane, on which the particle 
moves uniformly with velocity t; in a 
circle, the string being tight, then all 
the string will have to do is to pro- 
duce this necessary normal force, and 




we shall have the tension = 



mv* 



Ex. 2. Again, let a be the equatorial radius of the earth, o 
its angular velocity, P the pressure which the earth exerts on 
a body of mass m placed at the equator, mf the force of the 
earth's attraction, then mf^F=:m.a<a* ; 

/. P=mf—maia*. 

So that the pressure between the earth and the body, or the 
apparent weight of the body, is less than if the earth were at 
rest by the amount ma<a*. 

160 
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Note, Here o> is the angle described by any equatorial radius 

2ir 
in one second =2^ ^g^^g^. 

Ex, 3. Let a particle P, of mass m, be 
hung from a fixed point by a string of 
length /, and be made to revolve in a hori- 
zontal circle of radius a. 

Let OA be the vertical line through 0, 
PA perpendicular to OA. Then A is the 
centre of the circle and AP^^a. 

Let AOP=e, so that sin^= —• 

Let T be the tension of the string, and v the velocity of P. 
Then T is equivalent to TcobS vertically, 

and 7sin^ along PA. 
Now there is no vertical motion ; 

.*. Tcos^— 7n^=0^ or T=mgBecO. 
Also the necessary normal force, along PA, is produced by 
the component Tsin^; 

^ . /I w^* 
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a 



V 



Hence taji0=— , or v*=ag tanft 

VII. We can now explain why on a railway curve the per- 
manent way is tilted so that the outside wheels of a carriage 
travelling on it are highest. 
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/ 



B 



I 



Let m be the mass and v be the velocity of the carriage, and 
P the radius of curvature at any point. 

L 
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Then, in order to make the carriage keep on the rails, there 
has to be a force in the plane of the curve along the normal 

mwards = — • 
9 

Now, if the cross section of the way is horizontal at that point, 
this force has to be produced by the pressure of the rails side- 
ways on the wheels, which therefore must be equal to 

[As a matter of fact, this pressure is produced by the outside 
rail pressing by means of its inner side against the flanges of 
the wheels running on it.] 
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But, if the way is tilted to an angle a with the horizon, then 
the weight mg has a component mg sina along the normal in- 

wards, so that now the force — is made up by the pressure 

and the mg sina ; .•. the pressure need only be wi^ sina. 

Thus the more the way is tilted the more the sidewajrs 
pressure of the rails is relieved ; or, if we like, the carriage may 
go faster, and yet only require the same pressure. Thus, let if 

be the new, and greater, velocity, then w^ sina= — , 

or t/*=t;'+^psina. 

Hence, on account of the tilt, the carriage is more easily kept 
on the rails. If at any point the sideway pressure should, from 
the weakness of the rails or any other cause, be less than the 
required amount, the carriage would leave the rails towards 
the outside of the curve. 
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178. CerUrifugai Force, — It would seem that formerly it 
used to be expected that a body would move in any path 
arbitrarily assigned to it. 

Now, if a particle is moving in a curve, when at any point 
it is moving along the tangent at the point, and, when at a 
consecutive point it is moving along the tangent at that point ; 
hence its direction has been changed during its passage from 
the first to the second point, and we know. Art. 176, that the 



mv* 



force which must be applied to make this change is 

along the normal inwards. If this force were not applied the 
particle would continue to move in the tangent at the first 
point, that is, it would quit the curve. 

When it was found that this force had to be applied simply 
for the purpose of retaining the particle in its arbitrarily as- 
signed path, it seems as if it was supposed that the particle 
exerted on itself a force, on account of which it had a tendency 
to fly out of the curve {Le. away from the centre, in the case 
of the most ordinary kind of curvilinear motion, viz., circular), 
and which had to be counteracted by the inwards normal force 



mv 



t 



before the particle would move on the curve. 



P 

Centrifugal force was the name given to this outwards 

normal force, which was supposed to have been thus discovered 
to be exerted by the particle on itself, and it was supposed to 
be exerted in the direction of the normal outwards and to be 

equal to — . This exertion of a force by a particle on itself 

would be contrary to the First Law of Motion. 

At the present day this language is still often retained. For 
instance, it is said that, '* on a carriage going round a railway 
curve, centrifugal force would press the outside wheel against 
the outer rail." 
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EXAMPLES.— XXXIL 

(i.) Wliat alteration of the aheolnte attniction of the earth's mass, 
the length of da j remaining unchanged, woold make the weight of a 
bodj zero at the equator ? 

(2.) The breadth between the rails in a railwaj is 4 feet 9\ inches. 
Show that on a cnire of 500 jazds ladins, the oater rail onght to be 
raised abont 2^ inches for trains travelling thirty miles an hoar. 

(3.) A railwaj train is moving with a uniform yelodtj v on a coired 

fine in a horizontal plane, and the friction is — ih of the wei^it. Show 

that, if the wheels of anj carriage (whose mass is m and length a) exert 
no sideways pressure on the rails, the tension of its fastenings is ap- 

proximately equal to — ; and prove that this will nearly be the case 



at a carriage whose number from the end of the tndn (if there be 
enou^) is the nearest int^;er to ^^* 

Cijf 

(4.) Calculate the time in which the earth should revolve so that a 
body at the equator should fall 14 feet in a second. 

(5.) A string two yards long, passing through a hole in a smooth 
table, has four pounds weight suspended by it, and one pound weight 
attached to the other end and resting on the table at a distance equal 
to two thirds the wbole length of string from the hole. With what 
velocity must the latter weight be made to revolve, in order that the 
other may be supported at rest ? 

(6.) Determine the velocity with which the earth (supposed to be 
a sphere) must rotate in order that bodies within 30^ of the equator 
may begin to leave it. 

(7.) Two equal particles are attached at points B and (7 of a string, 
which is itself attached to a fixed point A^ and the particles are pro- 
jected so as to describe horizontal circles uniformly; show that, if the 
portions of the string are equal, and a, ^ are the angles made by them 

with the vertical, 

2 tana 2 sina + sin/3 

tan)9 sina 

(8.) Supposing a body fastened to a string, which can just bear with- 
out breaking a weight of 12 lbs., and swung round horizontally in a 
circle with a radius of 3 yards, 160 times a minute ; find the greatest 
weight of the body consistent with the strength of the string. 
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179. When a body is acted on by a force and is moving so 
that the point of application of the force is displaced, wholly 
or in part, in the line of action of the force, then Work is 
said to be done on the body. If the displacement is in the 
direction of the force, the work is said to be done ly the force. 
If it is opposite to the direction of the force, the work is said to 
be done against the force. 

Thus when coals are hauled up a pit, work is done on them, 
by the tension of the rope, and against the weight. 

Again, if a particle is moving on an inclined plane AB, and 
is pulled by a rope along the plane upwards, then, in moving 

E 




^ Fig. 60. 

from A to Bf work is done on the particle by the tension and 
against the weight, but no work is done by the pressure of the 
plane. For, draw AC and BO horizontally and vertically, 
respectively. The particle goes, through a distance AB in the 
direction of the tension, through a distance CB opposite to the 
direction of the weight, and through no distance in the direc- 
tion of the line of action of the pressure for it always moves 
perpendicular to that line. 
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It should be noted that, if the particle had been pulled up 
CB, the same amount of work would have been done against 
the weight ; for the force would have been the same in magni- 
tude, and the particle would have gone through the same 
distance in the line of action of the force, and opposite to the 
direction of the force. 

180. Prop. The measwe of the work done by a force is F.h, where 
F is the measure of the force amd h the mmsfwre of the dista/nce 
which the point of applicaiion goes in the direction of the force. 

For we take as our unit the work done by a unit of force as 
its point of application moves through a unit of distance in its 
direction. 

Then as the point of application of each of the F units, of 
which the force is made up, moves through each unit of the 
distance, there is a unit of work done by each unit of force, 
and therefore F units of work by the F units of force, and 
therefore in the h units of distance there will be F.h units of 
work done. That is, the measure of the work done is F.h. 



181. If the work is done against the force, the distance, 
through which the point moves in the direction opposite to 
that of the force, is denoted by a negative number. 

For example, a bullet of mass m travels along its path from 
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A to B. Draw BN perpendicular to the horizontal Une AC 
through A, and let A be its measure. 
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Then the work done against the weight in moving from A 
to jS is m^(— A)=— w^A; and the work done by the weight 
in moving from J? to (7 is Ttigh. 

182. If a body of mass m is moving with a velocity v^ then 
the product ^^ is called the Kinetic Energy (or sometimes the 

Vis Vwa) of the body. 

If the different parts, of masses m^, m^y etc., of a system 
be moving respectively with velocities Vi, i;,, etc., then 

-V — I — ^+etc., is the Kinetic Energy of the system. 

183. If a particle of mass m starts with a velocity % and, 
whilst travelling through a distance 5, is acted on by a force 
F in the direction of its motion, and, if t; is its velocity at the 
end, then wm;«=wm*«+2-F5. ^, ^^, 

Now the change in the Kinetic Energy =-"2 h"* *^d *^® 

work done by the force is F.s. Hence the Change in Kinetic 
Energy is eguai to the work done. 

Again, in Art. 181, if 5, / be the distances of A and B 
from the directrix, the Kinetic Energies at A and B are 

ft and 'o • Therefore the change in the Kinetic Energy 

is mg^--mg8= -mgh, which is the work done. 

Hence, again, the change in Kinetic Energy is equal to the 
work done. The student will find this result in all cases of 
bodies moving under the action of forces. 

184. Prop. To calculate the cha/nge in the Kinetic Energy of a 
system of two balls jprodttced by their direct invpcLct. 

Let m, m' be their nmsses. 

Uy v! „ velocities before impact. 
%v' „ „ after „ 

e „ coefficient of elasticity. 
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Then t^=t*— (l+«)zri-=r'(^— ''^O 

Therefore the Kinetic Energy after impact, %.e, -5 — I — ^> 

2 2 ^ 'w+m^ ' 2 (m+w)" ^ ' 

=Ejnetic Energy before impact s — ' 1 / '(^— ^0** 

Now — g— ' I / • (t^— t*')* is never negative, and is always 

positive except when e=l. Hence Kinetic Energy is always 
lost unless the balls be perfectly elastic. 

186. In some books the product mv* is called the Vis Viva. 

For farther information on the subject of this Chapter see 
An Elem^mtary ExposUim of the Doctrine of Energy ^ by D. D. 
Heath, M.A. London. 1874. 



EXAMPLES.— XXXIII. 

(I.) Two balls, of weights two pounds and three pounds, are con- 
nected by a stretched string passing over a pulley. Determine the 
amount of work done on the system whilst each ball travels over three 
feet. What work is done on each ball ? 

(2.) Determine the change in the Kinetic Energy of the system in 
Art 131 when Q begins to move. 

(3.) Determine the change in the Kinetic Energy of the system in 
Art. 132 when B begins to move. 

(4.) A force of 16 lbs. pulls a weight of 3 lbs. up an inclined plane 
of 10 feet length, and elevated at an angle of 30°. Determine the 
work done, (1) by the force, (2) against the weight of the body. 
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(5.) Doling an interval of time, t, an engine, in order to keep up in 
a train a constant Telocity, v, has to do an amount of vork, w, against 
the retarding forces arising from the pressure of the air, friction, etc. 
Find the ayerage resultant of these forces. 

(6.) If a ball moving with a velocity « V impinge directly on a ball 

of double its mass vhich is at rest, show that it is brought to rest, and 

V 
that the other ball moves with a velocity ""-o- ; it being premised that 

the elasticity e is given » ^, What alteration is made in the Vis Viva ? 
(7.) The force of the steam on the piston of a locomotive does an 
amount of work, ir, during each complete oscillation, and keeps up a 
uniform motion. Find the average resultant of the retarding forces, 
the radius of the driving wheel being r. 



ZVL— OONSTBAINED UOTION. 

186. In this chapter we shall discuss the motion of a heavy 
particle in some curved path acted on by a force, called the 
force of constraint, originating in some material body, which 
constrains the particle to move in this particular path instead 
of in the straight line, or parabola, in which it would other- 
wise move. 

Thus (1) when a bead slides on a wire bent into the form 
of a circle, or other curve, it is constrained to move in this 
circle, or curve, by the pressure of the wire. 

Or (2) a particle may slide in a groove, or tube, of small 
section, the axis of which forms a curve, then the particle 
would be constrained to move in this curve by the pressure of 
the substance in which the groove, or tube, is formed. 

Again (3) when a body is tied to a string and swung round 
in a circle, it is constrained to move in this circle by the tension 
of the string. 

In such cases as (1) and (2) we call the curve a maieridl 
cwrve, and the pressure of the wire or other substance forming 
the curve is called, for shortness, the pressure of the curves and 
acts at every point in the direction of the normal to the curve 
at the point. 

We shall only consider cases in which the particle is acted 
on by gravity and this force of constraint. 

We are unable to determine in this treatise a formula con- 
necting any interval of time with the length of arc, which the 
particle traverses in the interval, 

170 
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We shall, however, be able to determine the change in the 
square of the velocity (and therefore the change in the Kinetic 
Energy) in passing from one point to another at a given verti- 
cal distance from the first, and also in some cases the. times in 
which the particle will pass over certain specified arcs. 

187. Prop. An inelastic Jieavy particle is moving on a smooth 
curve, whose plane is vertical. Given the velocity at any point, to 
find its velocity at any other point, 

[Any curve may be considered as formed by a succession of 
straight lines, the angle between each successive pair being the 
same, of which ultimately the lengths are endlessly decreased 
and the number endlessly increased, the above constant acute 
angle being endlessly decreased. The curve is said to be the 
limit of this succession of lines, and in all our investigations 
is supposed to have finite curvature at every point.] 

Let ABC be the curve ; u the velocity at some point A, v at 
any other point B ; h the vertical height between A and B. 

We will suppose -4 to be above B. 

Let the curve AB be the limit of the succession of lines 




Fio. &1 

AAi,AiAi, . , . An-t^n-u^n-iB; the angle between each 
successive pair being a. 
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Let the particle start from Ay with velocity u^ and slide 
along this succession of lines to B. 
Denote the velocities of arrival at A^ At, . . . -^»-i, -B, by 

Draw Ab vertically through A ; and Aiai, , , . Bh horizon- 
tally through Aij . . . B,to meet Ab in a^, a,, . . . b. 

Then, Aai being the vertical height of -^ above Ai, 
(Art. 136, 2^) Vi*=u*+2g,Aai. . . . (i). 

Now when the particle arrives at A^ it impinges, with velo- 
city Viy against AiAf, Eesolve Vi into the two components 
Vi cosa along, and Vi sina perpendicular to, AiA^* Of these, 
v^ sina is wholly destroyed by the impulsive pressure of A^A^ 
brought into play by the impact; and the particle being 
inelastic, no new velocity in the opposite direction is gene- 
rated. Also, since this pressure is perpendicular to AiA^, 
no change is produced by the impact in the other com- 
ponent. 

Hence the particle starts along AiAt with a velocity Vi cosa. 
Now Vft being its velocity when it arrives at At, and ajO, being 
the vertical height ot Ai above A^, we have. Art. 136, 

t^,*=t;i*cos*a+2^.aia, (2). 

Similarly t;,*=t;,«cos'a+2^.a,as (3), 

etc. = etc. 

t^-i=t4-,cos«a+2^.a»_,an-i . . . (n— 1), 
Vn*=ivl^iC0S*a+2.g.an-ib .... (n). 
Adding equations (i), (2), . . . (n), and transferring 
Vi* cos*a, . . . »i_i cosa to the left-hand side, we have 
{v,*+Vt*+ . . . +^^^)Bm*a+Vn*=u*+2gAb 

=u*+2g.h. 

Let v' be the greatest of the numbers Vi, e;,, . . . Vn-u 
then (vi*+Vi*+ . . . +«^i) sin*a is not greater than 
(w— l)t;'* sin'a. 

Now the angle between AAi and AiA^ is a, 

and „ AiAt „ A^A^ is a ; 

• *• „ AA\ „ A%A^ IS Ja. 



CONSTRAINED MOTION 173 

Also the angle between A^A^ and A^A^ is a. 

„ AAx i9 ^,^4 is 3a; and so on, till 

finally, „ AAi „ A^^iB is {n^l)a. 

Denote by <f> the angle between the tangents to the curve at 
A and B. 

Now when n is endlessly increased and the succession 
of lines approaches endlessly near to the curve AB, then 
the lines AAiy AiA^, . . . An-iB become the tangents at 
AfAi, . . . An-i'y and therefore (n— l)a is then the angle 
between the tangent at A and ^n-i* 

Therefore ^ differs from (n— l)a by the angle between the 
tangents at ^»-i and B; but A^^^B being endlessly dimi- 
nished, this angle must be so also. — ^Newton, Lemma vi. 

Hence <^=(w— l)a; 

.*. ln—\)v'* sin«a=^'« sin«a=<^.t;'*?^.sina, 

a a 

and this =0 in the limit, since then =1 and sina=0. 

Hence, A/(?r<w?ri, (ri*+V+ • • .+«4-i)siii*a=0. 
Also Vf^y being the velocity of arrival at B,=iV. 
Hence ©• = w* + 2ffh. 

188. liB had been above A, we should have had v* =u* — 2gh, 

189. Suppose that in the above Prop, instead of the phrase 
" whose plane is vertical," we had had " whose plane is in- 
clined to the horizon at an angle 6" 

Then instead of the acceleration g in the vertical direction, 
we should have had an acceleration g siaO in the direction of 
the lines of greatest slope. (See Art. 136.) 

We should have drawn Ab parallel to the lines of greatest 
slope, and denoted Abhy h\ and made a corresponding change 
in the phraseology throughout the proof. 

Thus we should have arrived at the result 

v^ = u'^±2g sina.A'. 
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Now let h be the var^M height of A from B^ and th^^ore 
of ^ from 5, smce B and 6 are in the same Aofisofi^ line. 




Fig. 5aw 

Hence A=A'GBna ; and o'=tf'±2.^.iL 
Compare Arts. 146 and 158. 

190. In Art 187 the particle experiences at eveiy angular 
point a small impnlsive force perpendicolar to the Une which 
the particle there begins to slide on. For instance, its amount 
at At was mvr sina, m being the mass of the particle. 

Now in the limit this line becomes the tangent to the curve 
at that pointy and therefore the direction of the force is normal 
to the curve at the point. 

Also, since the angular points approach indefinitely near to 
one another, the impulses follow indefinitely closely one after 
another ; and, since a is endlessly decreased, the amount of 
these impulses is endlessly diminished. Hence we have a 
succession of indefinitely small impulses following one another 
at indefinitely small intervals ; but such a succession consti- 
tutes a continuous finite force. 

Hence, when a particle moves on a curve, we have a finite 
force always acting at every point in the direction of the 
normal. 

Again, in passing from one angular point to the next, the 
particle experiences a pressure perpendicular to the line, and 
^this in the limit becomes a force acting at every point along 
the normaL 
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These two forces together make up the pressure of the curve 
which acts normally at every point. 

191. The force of constraint in Art 189 had better be con- 
sidered by means of its two components — 

(1.) The pressure of the plane, perpendicular to the plane, 
and equal to m^costf, which compels the particle to move on 
the plane. * 

(2.) The presstire of the curve, normal to the curve, which 
compels the particle to move on the curve instead of on any 
other line in the plane. 

192* In Arts. 187 and 189, suppose the particle descends 
from AV^By then ©*— i**=2^A ; 

... -^mgX 

The point of application of the weight, 971^, has been trans- 
ferred from ^ to ^, i.e. through a distance h in the direction 
of the force's action ; therefore the work done by it is mg,h. 

Also there has been no work done by, or against, the pressure 
of the plane, a force constant in magnitude and direction, since 
in passing from A to B there is no motion in the direction of 
this force. 

And. the same is true of the pressure of the curve; for 
though the force is of varying magnitude and direction, yet 
the particle in moving from any position to the consecutive 
one has no motion in the direction which the force at that 
instant has. Hence no work is done there, and therefore on 
the whole no work is done by, or against, this force. 

Hence the whole work done in the passage from ^ to £ is 
mgX 

And — —- is the change in the Kinetic Energy in pass- 
ing from A to K 

Hence again we see that the work done in any passage is 
equal to the change in Kinetic Energy. 
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193. Motion in a Vertical Circk, 

We will suppose that the particle is a smooth bead, of mass 
m, sliding on a wire, or in a tube, forming a circle. 




A 

Fio. 54. 

Let AB be the vertical diameter, C the centre, and a the 
radius of the circle. 

Let u be the velocity at the lowest point A, v at any other 
point P. 

Let d denote the angle A OF, and draw PiV perpendicular 
to AB. So that AN^a-^a cosft 

Then, Art. 188, t;*=«««—2^.^iV . . . . (i) 

=!*• — 2ag+ 2ag cobO. 

Let B be the pressure of the curve at P, inwards, along PC. 

Then the sum of the resolved parts of the forces acting on 
the particle at P in the direction of the normal is B-^mg cos0 ; 

.'., Art. 175, -B— m^cos^=m— =ml 2^+2^cos0 J; 

.-. 5=?w(^— 2^+35rcosel- 

Hence when P is at A, ^=0, and 5=fn( — h^^ ), and, as P 

moves from A towards By d increases, and therefore B 
diminishes. 
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Also, 5=0, if 2^+35^ co8^=0, i.«. if ever the particle 

comes to the point where co6d= — «-- — ; and if the particle 

goes beyond this point, B becomes negative, and the pressure 
of the curve is outwards, along CF, 

We shall have different kinds of motion according as 
tt« < = or > 2g,AB. 

r. IS u*<2g,AB, let Jf be the point in AB such that 
u*=i2g.AM. 

Draw DMU horizontally to meet the circle in D and U. 
Then when the particle arrives at D it stops, since by (i) t;=:0 
there, and then begins to descend. Since it starts from D with 
no velocity, when it arrives at A the square of its velocity 
=^2g.AM^u\ 

Hence it will rise on the other side of ^ to the same height 
AM, and therefore at U will again be at rest, and will thus 
continue to oscillate between D and If. 

NowatD, since 1^=0, «•— 2a^+2a^cosfl=0; 

2a gr— ^« 

This gives the angle ACD, 

\Uu^^2ag, the particle just rises to the end of the hori- 
zontal diameter, and oscillates through the lower half of the 
circle.] 

JoiaAD, Then,from the right-angled triangles £i>-4,-^Jfi>, 
AD*=AM.AB. 

Hence, when a particle oscillates in a circle, the velocity at 
the lowest point varies as the chord of half the arc through 
which it oscillates. 

2^. If u*=2g,AB, the particle just rises to B and stops 
there. 

M 
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3° If !*• > 2g.AB, u* — 2g.AN cannot vanish, for the greatest 
possible value of AN is AB. 

Hence the particle never stops, but arrives at B with a 

velocity Vt** — 2g.AB, and descends the other side, and arrives 
at A again with a velocity whose square is. Art 187, 

{u* - 2.gAB) + 2g.AB=uK 
And thus the motion is kept up perpetually, the particle 
always going round in the same direction. 

194. Suppose now instead of moving in a tube, or on a wire, 
the particle is tied to one end P of a string, of length a 
feet, of which the other end C is fixed, and thus moves in a 
vertical plane. As long as the string remains stretched the 
particle describes a circle whose centre is C. 

The string by its tension (B) is capable of exerting a normal 
force on the particle in the same manner as the tube, or wire, 
did ; except that it can only do this inwards, along PC, 

Hence the particle, if its velocity at its lowest point A isu, 
will move exactly in the same manner as in Art. 193, until 
it reaches the point where the pressure became zero, and 
afterwards acted outwards. If the particle does not stop at 
this point, the string will not be able to exert the necessary 
force outwards to retain it in the circle, and it will move 
within the circle, and the string will become slack. The only 
force now acting on the particle is gravity ; hence it will de- 
scribe a parabola until the string again becomes tight. 

We win now investigate the conditions for the string re- 
maining stretched. 

If the particle remain on the circle, it does not stop till it 

2ag — u* 
comes to 2>, where cos^ CZ>= — 2aa~~' 

And the tension vanishes at the point E where cos ACE 

s= ^^""^ , and beyond this point, if the particle were to re- 
oag 

main on the circle, the tension would have to be negative. 
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Now co&ACE<, or=, cosACDy numerically, and therefore 
ACE is nearer 90^ than ACD is, unless AOE—AGD. 

If u*<2agy both coaACD and cobACE are positive; 
.-. both ACD and -^C^ are<90; .'. ACD<ACE, and the 
particle stops before the tension vanishes, and /. continues 
to oscillate through an sac=2ACD< a semicircle. 

K u*=i2agf both cobACD and cobACE vanish; therefore 
ACD=:ACE=i90° ; and the particle just rises to the end of 
the horizontal diameter, and the tension just vanishes but does 
not require to be negative, and the particle oscillates through 
a semicircle. 

If u*>2ag and =, or <, iag, both cobACD and cobACE are 
negative, .\ both ACD and ACE are > 90; .-. ACE < ACD; 
and the tension requires to be negative before the particle 
stops, and therefore the particle leaves the circle. 

Iiu*>4agf cobACD is numerically >1, and therefore there 
can be no such point as D, i,e, no stopping point. 

Now if u*<5ag, there is a point E where the tension 
vanishes, and beyond E the particle leaves the circle. 

But if u*>5ag, cobACE is numerically >1, and there is no 
point where the tension vanishes. Therefore the particle 
makes complete revolutions round the circle. 

Hence the string remains stretched, if i^'<2a^, or>5a^. 

The greatest tension which the string has to bear is 

—(u*+ag)y its value when P is at the lowest point. 

Now, if P oscillates in the circle, u* must not be greater than 
2agy therefore the string need not be capable of bearing a 

greater weight than -^2ag+ag)y i.e. Zmg ; but if P goes com- 
pletely round the circle, u^ must be at least 5a^, therefore the 

7n 
string must be capable of bearing at least — (5a^+^^)> ^-^^ Sww'. 

If we had an open groove cut inside a circle, the motion 
would be exactly the same as in the case of the string. 
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196. A particle, of mass m, mores in a groove cut on the 
oiUside of a vertical circle, of radius a, and is projected fi*om the 

highest point B, with a velocity u. 
To find where it will quit the circle. 
Here the groove is only able to 
exert an outward normal pressure, 
hence the particle will quit the circle 
as soon as it requires an inward nor- 
mal force of constraint to keep it on 
the circle. 

Let Che centre, P some position of 

the particle before quitting the circle. 

Denote the angle BCP by 6, and the 

velocity of P in this position by v. 

Then, Art. 187, 'ifl=u^+2{a—aco&e)g. 

Let B denote the pressure on F (mhoards. Then mg cosO r- R 

is the sum of the resolved parts of the forces along the normal 

inwards; .'., Art 175, — s=mgcoB0—B; 

'*• ^^ fl*(^^ cos^— »•) =-r (o^ costf — w*— 2a^+2a^ cos^) 
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=:—(3ag costf— 2a^— «4*). 

Hence, B will vanish when cos^= — f — -} ^^^ *ft®r this 

point B would have to be negative to retain the particle on 
the circle. 

•Therefore, on leaving this point the particle quits the circle, 
in the direction of the tangent to the circle at this point, with 



a 



velocity=y„.+2a,-2a,^=yi+?^^ ; 



and proceeds to describe a parabola. 
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106. We can now explain the method for deteimining the 
coefficients of elasticity of bodies, referred to in Art. 162. 

This method was originally devised by Newton, and the 
experiments have since his time been repeated by various per- 
sons. In 1834 Mr. Hodgkinson presented to the British 
Association a report*of his researches into the subject Of this 
report we have availed ourselves in the following explana- 
tion, 

197. Two balls, A^ B^ are hung from points, C, /), with equal 
radii {i,e, equal distances from C and D to the centres of the 
balls) so as just to be in contact when the strings are vertical; 
and the curves AEH^ BFO are circular arcs, round the centres 
Cy D, at the lowest points of which the balls are when the 
strings are vertical. 




Fio. M. 

Now, Art. 103, 1^, if either ball, say£, is drawn aside and then 
let fall, its velocity on arriving at the lowest point, Le. when 
BD is vertical, is proportional to the chord of the arc through 
which it has fallen ; and, if either start from its lowest point, 
its velocity at starting is proportional to the chord of the arc 
through which it ascends before coming to rest. This result 
was obtained in ^Art. 193, on the supposition that the motion 
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took place in vacuo. In practice, the resistance of the air most 
be allowed for. How this is done is explained by Newton in 
a scholium at the end of his section on the Laws of Motion. 
The effect of the air is, however, yery slight, except when the 
balls are reiy light. 

Let both balls be drawn aside to points G and H of equal 
height, and simultaneously let go, they will meet at their 
lowest points. Then by the preceding paragraph the velocity 
of each at that point is known, and thus their relative velocity 
at the moment of meeting is determined. 

Also, if the heights of the points E and F^ to which they 
rise after impact, be observed, we shall know the velocity with 
which each rebounded, and, therefore, their relative velocity 
at the moment of separation. 

The ratio e of the latter to the former relative velocity is 
found to be pretty nearly constant, whatever be the weights 
or sizes of A and B, or whatever be the height of H and &, as 
long as the substances, of which A and B are formed, remain 
the same. 

The same result follows if keeping one ball at rest we draw 
only the other aside. 

108. We add some results, as to the value of e, taken from 
Mr. Hodgkinson's paper : — 

Both balls made of cast iron, e=.66 

- One cast iron, the other lead, * e=.13 
One lead, the other boulder stone, 6=.17 

Clay ball, soft brass ball, e=,16 

BotJi balls of glass, 6=:.94 

Both balls of ivory, e=.81 

Cork ball, ivory ball, e=.60. 

Newton found that for 2 balls of wool bound up very com- 
pactly the value of e was -^ • 
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EXAMPLES.— XXXIV. 

(i.) If the length of a sJing be 2 feet, vith vhat velocity must a 
stone placed in it revolve in a vertical circle that it may be just pre- 
vented from falling out ? 

(2.) A particle is projected from the lowest point of a smooth cir- 
cular hoop, along the circumference. Show that, if it passes through 

the centre, the velocity of projection was >Jaig^2 + ijZ, a denoting the 
radius. Also find the arc described before leaving the hoop. 
(3.) A particle is projected up the inside of a smooth vertical circle 

from the lowest point, with an initial velocity a W^ ; a being the 

radius of the circle. Find at what point it will leave the circle, and 

show that it will pass through a point in the vertical diameter at a 

25 
height jTL a above the lowest point. Find also the point at which it 

strikes the circle again, and its velocity at the moment of arriving there. 
(4.} A particle whirled by a string in a vertical circle quits the 
circle, the string becoming slack ; prove that the circle is the circle of 
curvature of the subsequent path, and that, if the particle quit the 
circle at a point 60° from the highest point, its subsequent path will 
meet the drde at the lowest point at an angle tan "^3^3, and the 

particle will then oscillate through an angle 2 cos"^--* 

(5.} A heavy particle slides down a tangent to a vertical circle, 
starting from the point where this tangent meets the vertical diameter, 
and then slides on the circle ; determine where it will leave the circle, 
and find the condition that it may just not slide upon it 

(6.) A heavy particle slides from the highest point of an ellipse, 
whose minor axis is vertical, down the arc ; show that it will leave 
the curve at the end of the latus rectum, if the ratio of the minor to 
the major axis is given by the equation 

a5?-4fl; + 2=0. 

(7.) A heavy particle, resting at the vertex, which is also the highest 
point, of a smooth parabolic tube, is slightly displaced ; show that, 
when it has attained a distance from the focus equal to the latus 
rectum, its pressure on the curve is ^ of its weight. 
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(8.) A smooth circnlar cylinder of given height ^, and whose radios 
is a, is divided into two equal parts by a plane through the axis, which is 
vertical, and one part is removed. A particle is projected horizontally 
with a given velocity from one end of the upper rim. Prove that the 
greatest possible velocity of projection, in order that the particle may 

reach the ground before it leaves the semi-cylinder, is fra^-^, and 

supposing the velocity greater than this, find the point where it will 
strike the ground. 

(9.) A heavy particle is projected firom the vertex of a parabolic 
arc, whose plane is vertical and axis horizontal, with such a velocity 
that after leaving the arc it describes an equal parabola. Show that 

it will cross the axis at a distance from the vertex= ^ . the latus 

4 

rectum. 

(10.) A smooth heavy particle is projected frt>m the lowest point of 
a fixed circular arc, whose plane is vertical, up the curve with a velo- 
city due to the diameter. Find the range of the particle on the 
horizontal plane through the point of projection. 

(11.) A heavy particle is projected from a given point with a given 
velocity inside a parabolic tube whose axis is vertical ; show that on 
escaping from the tube it will describe a parabola whose focus for 
dififerent lengths of the tube lies in a certain circle. 

(12.) Two beads of equal weight are sliding down a perfectly smooth 
circular wire in a vertical plane, and are, at the same instant, at the 
ends of a vertical chord subtending a right angle at the centre ; find 
the velocity and direction of motion of their centre of gravity at that 
instant, each bead having been set moving from the highest point 
with an indefinitely small velocity. 

(13.) A heavy particle slides in a smooth paraboiic tube, whose axis 
is vertical and vertex downwards and latus rectum « 4a, starting from 
a point at a distance d, from the focus. Prove that the pressure on 
the tube, when the particle is at a distance r from the focus, is 



d /-J. weight of particle. 



(14.) A particle is suspended from a fixed point by an inextensible 
string ; find the velocity with which it must be projected when at its 
lowest point, so that its path after the string has ceased to be stretched 
may pass through the point of suspension. 
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(15.} From a point upon the inside of the surface of a smooth cir- 
cular hollow cylinder, and inside, a particle is projected in a direction 
making an angle a with the generating line through the point ; find 
the velocity of projection that the particle may rise to a given height 
\ and the condition that the highest point may be vertically above the 
point of projection. 

(16.) A number of equal circular arcs of the same curvature, and 
smooth, are so united in order as to form a continuous undulating 
plane curve by means of reversing every alternate one ; and the length 
of the arcs is such that the height of each wave is one-sixth of its ex- 
treme width. The plane of the curve being vertical and the summits 
of the waves in a horizontal line, a particle is projected horizontally 
with the greatest possible velocity from the bottom of a wave so as to 
run along the curve without ever flying off. Show that the velocity 

at the summit of a wave=s~^ the velocity at the bottom. 



199. Motion in an inverted cycloid having its axis vertical. 

As in Art 193, we will suppose that the particle is a bead, 

of mass m, sliding on a wire, or in a tube, which forms the 

cycloid. 
Let AB be the vertical axis, DBE the base of the cycloid, 

C the centre, and a the radius of the auxiliary circle. See 

Chap. VI. 




Let V be the velocity of the particle when at any point P. 
Draw FQN perpendicular to AB, cutting the auxiliary in Q 
mdABmK Let ACQ=^e, Join BQ.AQ, Then the straight 
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line BQ is parallel to the normal at P to the cycloid, and the 

radius of curvature at P=2 the chord i?Q=:4acos-2* 

Also, the straight line Aii S& parallel to the tangent to 
the cycloid at P, and the arc AP (or s) =2 the chord AQ 

A. • ^ 
s^asmy 

Now the forces acting on the particle are, 

(1.) Its weight, mg^ acting vertically downwards, %,e, parallel 
\jqBA\ 

(2.) The pressure, J2, of the curve acting along the normal 
at P, i.«. parallel to QB, 

So that the sum of the resolved parts in the direction of the 

nonnal=5-«,,cos|. 
And the sum of the resolved parts in the direction of the 

taugent=«,,Bm|. 
Hence, by Art 175, we have 

g=-B— M^cos-s-; 

4acos^ 

/. -«= g+wi^cos-o* 

4acos^ 

We may remark that B is never negative, and therefore the 
pressure never acts outwards. 
Also, the acceleration in the direction of the tangent at P 

. e 

^sm— 

2 ^ 
= — ^j — ~ia**' Comp. Newton, Prop. X. 

As a particular case, suppose the particle to start from rest 
at A then. Art. 187, v*=:i2g.BN 

Q 

ss2g{a+a cosd)=4{i^ cos^-g ; 
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^mag cos*— ^ 

5= g — Vm cos g- 

4acos-^ 

s277t^COS-2' 

which IB donble what 22 would be, if t;=0, i.«. if the particle 
were placed at P iostead of having moved to it fix^m D. 

200. Let the particle start from rest at any point F. 
Draw FQF* perpendicular to AB^ meeting AB in Q and the 

cycloid again in F. 
Then the velocity of the particle on arriving at A will be 

'J^g.AQ. ; and -passing through A it wiU move to F and 
come to rest, for after leaving A its velocity gradually decreases, 

and at ^ = ^2.g.AG-2g.AQ=^0. 
Immediately after coming to rest at F it begins to descend, 

and, passing through A with the same velocity, ^2.g.AQf as 
before, ascends to F and then returns. Thus it continues to 
oscillate between F and F, 

Now a curious property of this curve, and the one that 
makes the motion in it remarkable, is that wherever in AB 
the point F may be, at which it starts from rest, the time of a 
complete oscUlaiion^ from F to F and back to ^, is always the 
same. It is on this account that the cycloid is said to be an 
isochronous curve. 

201. Prop. To prove that an irmrted cycloid with its axis vertical 
is cm isochronous cwrvey a/nd to find the time of am, oscUkUion. 

Let AB be the vertical axis, DBE the base. 
On AB as diameter describe the auxiliary circle AQB. 
Let a particle start at a point F from rest. 
Draw FQF perpendicular to AB, meeting AB in G and the 
cycloid again in F. 
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On AG a& diameter describe a semicircle GpAy and let c be 
its centre. 




Let P be the position of the particle at any time. 

Draw FQpN perpendicular to AB, meeting the auxiliary 
circle in Q, the second circle in jp, and AB in N. 

Thus, as P descends from FtoA^p moves round the semi- 
circle from Gto A. 

We will now determine the velocity of jp. 

Join BQy AQ. We shall require tiie following geometrical 
relations : — 

AQ= ^AB.AN, Euc. VI. 8, Cor., BQA being a triangle 

right-angled at Q, and QN perpendicular to 
the hypothenuse ; 

jpiV= V GN.ANy for similar reasons. 

The point jp and the particle P being always on the same 

horizontal line, their velocities in the vertical direction must 

always be equal; 

i,e, the vertical component of the velocity of P = that of ^. 

Now the velocity of P ^ '^2.g.QN; and the direction of 
its motion, being the tangent at P to the cycloid, is parallel to 
AQy and therefore makes with the vertical an angle (=BAQ)t 



. . AQ ^AB.AN / 
whose cosme is -t^= — rn — =>\/ ' 



AN 



AB 



AB 



AB 
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Hence tiie vertical component of the velocity of P 

_ 1 2g.GN.AN fTg .. 
~ V AB =V AB-P^' 

Again, let v denote the velocity of jp. The direction of its 
motion is the tangent at p to the small circle, and therefore 
makes with the vertical the same angle that the normal cp at 
^ makes with the horizon, i.e. the angle apN^ whose cosine 
. pN 

Hence the vertical component of t; is -^— • 

ie. the velocity oif is uniform. 

Again, since the time taken by P to descend from Fto A 
is the same as the time taken by j? to move round the semi- 
circle QpAy whose length is ir.cp, 

....thistmie=— ^S — =«. /4^. 



\/ab' 



cp 



Now the particle will evidently take the same time to move 
from A to F' ns from jP to ^. Therefore the time from 

V 2g 
And the time from F' back to F will be the same as from 
FtoF. 

Fab 

Hence the complete time (2*) of oscillation =4irY/-2^' 

Now AB^2a\ .'. 3'=4irV-^- 

Hence the time of oscillation in a cycloid is the same what- 
ever the amplitude. 
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202. Prop. To make ajpartide P, htmg from a fixed point 
by a siring OP, move in a cycloid. 

Let OA be the position of OP when vertical. 

Bisect OA in B. Draw DBE horizontally through B. 

Describe the cycloid BAD with its vertex at A and axis 
eqnal to AB. 

Then BAD is the cycloid in which P can be made to 
oscillate. 

Draw DOE the evolute of the cycloid, Art 83 ; then, if DOE 
is a material curve, when we move P from A towards D, keep- 
ing the string stretched, the latter will wrap round OD, and P 
will trace out the semi-cycloid AD. 

Now, if P is held in any position F on AD and then let go, 
the string will unwrap ; and, always being a tangent to OD 




where it leaves 0J9, it will everywhere be perpendicular to the 
direction of the motion of P, and will therefore, by its tension, 
be capable of exerting the same force on P, as AD would by 
its pressure, if it were a material curve and P sliding on it ad 
in Art. 201. 
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Hence P will move exactly as if it were sliding on a mate- 
rial carve DAE. 

On arriving at A^ P ascends AEy and the string wraps on 
to 0£ till P comes to P' on a level with P. After this it re- 
traces its path back to P. 

The whole oscillation is performed in the time 4^. /- 



^9 
Let I denote the length of the string, then ABt^ -^\ 

.'. the time of a complete oscillations=4«"^/7-=2r /— • 

203. Simple Pendfdum. 

Def. a particle hung by a fine thread from a fixed point, 
and oscillating in a circle, forms with the string what is called 
a simple pendulum. 

Prop. To Jmd the time of oscillation of a sin^ pendidi^ 

For a short space on each side of A (Art 202) the circle 
whose centre is 0, being the circle of curvature of the cycloid 
at Af may be regarded as coinciding with the cycloid ; and 
for positions of P within these spaces the bending of the string 
by OD or OE may be neglected ; so that the motion of P 
within these spaces is the same, whether it be considered as 
moving on the cycloid, as in Art 202, or on the circle whose 
centre is and radius OA. 

Hence the time of a complete small oscillation of a simple 

pendulums=29r /— , where 2 is the length of the pendulum. 

Thus, if we shorten the string, 
we shorten the time of oscillation; 
and if we shorten the string to 
one quarter of its length, we 
shorten the time of oscillation to 
one-half its former length. 

Obs. If we have a pendulum OP fzo. eo. 

oscillating between P and P, the motion from F to F and 
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back again to jP is what we have called the complete oscilla- 
tion. Often, however, the motion fix)m J to jP is spoken of 
as a single oscillation. In this case the time of oscillation 



=V7 



9 
By a seconds pendulum we mean one which makes one oscil- 
lation (as from ^ to ^) in a second, and one such oscillation 
is called a beat. 



204. From the formula 



=2iryp . . . . (i) 

we can determine the value of g at any place. 

If we set a pendulum swinging, and observe the time (T) 
of each oscillation in seconds, and measure the length (Q of 
the pendulum in feet, we can obtaiQ the value of g from (i). 

For instance, it is found that* the length of the seconds 
pendulum in London is 39*1393 inches nearly. 

391393 



Here then r=2 and 2=: 



12 



Hence ^=W — — — j=32*216 approximately. 

205. Let A be the height of a mountain, r the radius of the 
earth, g the acceleration of a falling body near the base of the 
mountain. Then, since the force of gravity varies inversely 
as the square of the distance from the centre of the earth. 



the acceleration of a falling body at the summit is ^.— ^ 



r+A 
roughly speaking. 

Then, if 7, 2* be the times of oscillation of a pendulum of 
length I at the base and summit, 3*= 2ir /— , 

r+A, 
9'~' 



r=2ir IL 
V g 

... r=2(r±*) 
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Ex, A pendulum beats seconds at the foot of a mountain 
two miles high. How many beats will it make in an hour at 
the summit ^ 

We may take the radius of the earth to be 4000 miles ; 

therefore \^^^- Also T=% Therefore ^=2(1+2^) • 
Therefore, when it is at the summit, the time of each beat, 

being half the complete oscillation, ^^(^"'"oooo) s®^^^^^' 
Hence in one second the pendulum makes ^qqy beats; 

.-. „ hour „ 3600 x|5^ beats. 

Further, in one hour it makes at the summit 3600 [ 1 — — — -- j 

beats, and therefore it loses ^^ beats by being carried up 

the mountain. This, by continued fractions, can be shown to 
be about nine beats in five hours. 

Conversely, if we obtained the times (fand T) of oscillation 
of the same pendulum at the foot and summit, we could deter- 
mine the height of a mountain. 



EXAMPLES.— XXXV. 

(i.) When a particle starts from the cusp of an inverted cycloid, the 
vertical velocity of the particle is greatest when it has completed half 
its vertical descent. 

(2.) If a particle start from a cusp of an inverted cycloid, the pres- 
sure on the curve at any point is proportional to the radius of curva- 
ture, and the part of it due to gravity is equal to the part due to 
centrifugal force. 

(3.) If a particle start from one end of the arc of an inverted cycloid, 
show that, when it has fallen through half the distance, measured 

N 
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along the arc, to the lowest point, it will have accomplished three- 
fonrths of its vertical descent, and that two-thirds of the time of 
descent will have elapsed. 

(4.) The time in which a particle can slide from the highest point, 
C, of an inverted cycloid to the lowest, A, is divided into two equal 
parts at the point P of the carve. Show that the arc AT : arc AG 
= velocity acquired at u4 in an oscillation commencing at P : velocity 
acquired at A when motion begins at (7. 

(5.) Show that the time of descent from any point on a cycloid to 
the corresponding point on the evolute is the same. 

(6.) A particle, P, slides, down a tube in the form of an inverted 
cycloid. A string being attached to it passes out of the tube at its 
highest point, and carries a weight, TF, less than that of P, which 
descends vertically. Find the position beyond which P must not be 
placed, so that it may not be drawn out of the tube ; and determine 
the time of oscillation. 

(7.) A circular fine smooth tube contains a particle which makes 
small oscillations in it, while it is with its plane inclined at an angle B 
to the horizon. Show that the period of these oscillations is to the 
period in the vertical plane as 1 : 'JaiaB, 

(8.) A tube in the shape of a cycloid is placed with its axis ver- 
tical and vertex downwards ; one of two particles whose elasticity 
(e) is equal to the ratio of their weights, is placed at the vertex, and 
the other let drop into one end of the tube. Show that, if v be the 
velocity (due to the height of the cycloid) with which it impinges on 
the first, the velocity of the first after the n*^ impact will be, accord- 
ing as it is the lighter, or the heavier, of the two 

— ^i — i-4? or — r^ — '—ev. 
l+e ' 1+e 

(9.) Find the correction to be made in the pendulum of a clock 

which loses lO'^ per hour. 

(10.) A pendulum, which beats seconds at the foot of a mountain, 
loses 10^ a day when taken to its summit ; find the height of the 
mountain, assuming the earth's radius 4000 miles, and neglecting the 
attraction of the mountain. 

(11.) In marching in slow time, the length of a pace is 30 inches, 
and the time is given by the semi-oscillation of a plummet 24*96 inches 
long ; find the rate of marching. 



' 
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(12.) If a dock at a place A on the earth's surfiBuse keeps trae timoi 
and when taken to another place B loses a minute daily, but is made 

again correct by shortening the pendulum by —ih part of an inch, find 

n 

the accelerating effect of gravity at A, 

(13.) A body starts from rest at the highest point of a cycloid, 

whose axis is vertical and vertex downwards, and slides down the arc, 

and when it has described half the distance to the vertex, it is allowed 

to move freely ; show that it will reach the tangent at the vertex at a 

point whose distance from the vertex is equal to 

I -5- + g /y e *g j' the radius (a) of the generating circle. 

Show also that it will reach the tangent to the vertex earlier than 
it otherwise would have done by an interval equal to 

/g/ff 2 \ 

(14.) If a particle slide from the highest point down the concave arc 
of a smooth cycloid whose axis is vertical, prove that the ratio of the 
time of describing any arc to the time of falling vertically through the 
diameter of the generating circle is half the circular measure of the 
augle through which the generating circle must have turned to de* 
scribe the arc. 

(15.) Prove that if a heavy particle slide freely from the highest 
point 0/ a cycloid, of which the axis is vertical and vertex downwards, 
the angular velocity of the generating circle passing through, the point 
will be constant, and inversely proportional to the square root of its 
radius. 



US 



(i.) At ibe same momeiit one body is diopped from a given height, 
and another is projected verticallj npwaids firom the ground with jnst 
sufficient yelodtj to attain that height ; compare the time in which 
tiiej will meet with the time in which the first would have &Jlen to 
the ground. 

(2,) A particle of wei^t equal to 10 ounces is suspended from a 
fixed point by a string I feet long. The particle describes a horizontal 
circle with an uniform velocitj of 50 yards a minute ; find the tension 
which the string must be capable of bearing so as just not to break. 

(3.) Two particles A and B, of masses 8m and m respectively, lie 
together on a smooth horizontal plane, connected by a string which 
lies loose on the plane ; B is projected at an elevation of 30^ with 
a velocity eqaal to g. If the string becomes tight the instant before 
B meets the plane again, and breaks when it has produced half the 
impulse it would have produced if it had not broken, and if the par- 
ticle rebounds at an elevation of SO'', show that the elasticity of B 

. 6 
IS -:r' 
9 

(4.) A hollow spherical sheU has a small hole at its lowest point, 
and any number of particles start down chords from the interior sur- 
face at the same instant, and pass through the hole and then move 
freely. Show that before and after passing through the hole they lie 
on a spherical surfSace ; and determine its radius and position at any 
instant. 

(5.) Two perfectly elastic baUs are dropped from different heights 
upon a horizontal plane ; find the condition that the centre of gravity 
of the two may again rise to its original height. 

(6.) A particle is projected horizontally from the lowest point of a 
smooth fixed sphere, and inside it, so as to pass through the centre of 

196 
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the sphere. Show that its firat impact against the sphere takes place 
at an angukr distance sin"^.^^ from the point of projection. 

(7.) A number of heavy particles are projected simultaneously from 
a point ; if tangents be drawn to their paths from any point in the 
vertical line through the point of projection, prove that the points of 
contact will be simultaneous positions of the particles. 

(8.) A parabola is placed in a vertical plane, and its axis is inclined 
to the vertical, 8 is the focus, A the vertex, and Q the point in the 
curve which is vertically below ^. If /SP be the line of quickest 
descent from the focus to the curve, show that ASP is equal to twice 
the angle PSQ, 

(9.) If the point and velocity of projection of a particle be given, 
prove that the locus of the focus of the path is a circle, and thence 
show that the locus of the vertex is an ellipse. 

(10.) The vertical component velocity of a body is ^ of the whole ; 
find the horizontal velocity and the direction of motion. 

(11.) A man stands on a horse which canters round a circus with 
uniform velocity. State the forces acting on him, and the condition of 
relative equilibrium. If he spring up, how must he do so in order to 
light upon the back again ? 

(12.) Two smooth planes, OA, OB, each inclined to the horizon at 

the same angle a, which is less than ~, intersect in a horizontal line. 

An inelastic particle descends from rest at A, show that the time 
which elapses before it is reduced to rest is to the time of descending 
AO SB cot*a:l. 

(13.) If the unit of space be a fathom, of tune half a minute, and 
of weight a pound avoirdupois, compare the new units of velocity, 
acceleration, and density with the ordinary units. 

(14.) If the area of a field of 10 acres be represented by 100, and 
the acceleration of a falling weight by 58§, find the unit of time. 

(15.) Show how the depth of a mine may be ascertained by means 
of a pendulum, supposing the force of gravity within the earth to vary 
directly as the distance from the centre. 

(16.) Two bodies are dropped from points F and Q, on a smooth 
inclined straight line XY, and reach the ground with the same velo- 
city ; prove that FQ is perpendicular to XY, 

(17.) Heavy particles slide from rest down chords of a vertical 
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circle passing through the highest point. Prove that the locos of the 
foci of the parabolic paths they describe alter leaving the chords is a 
circle, and that of their vertices an ellipee whose axes are in the ratio 
2:1. 

(i8.) A ball A impinges obliquely on a ball B at rest, their mutual 
elasticity being «. Show that the maTininni deviation of ^ is 

—tan'^ o ,. . pv, . y^v ; provided A^-tB ; and examine the case 

when A'^itB, 

(19.) Two inclined planes (a, 0) are set back to back, and two 
weights, P, Q, are placed on them, being connected by a stretched 
string passing over the common vertex of the plane. If P predomi- 
nates, and the motion takes place in a vertical plane, find the accelera- 
tion of P and Q, the tension of the string, and the pressures on the 
planes and the ridge. If the planes rest on a rough horizontal table, 
show that it will slip along it if the coefficient of friction be 

(P sina<x>Q sing)(P cosa -h Q cosg) 
^ (P + g)2-(P8ina-C8in/3)« 

(20.) The point is the orthocentre of a triangle ABG^ and the 
component velocities of a point are represented by OA^ OB, OC; 
prove that the resultant velocity is represented by twice the distance 
between and the centre of the circumscribing circle. 

(21.) Two particles are let fall at different instants down two in- 
clined planes from the same point in the horizontal ridge in which 
they meet ; prove that each describes relatively to the other a straight 
line with uniform acceleration. 

If the direction of the relative motion make an angle B with the 
plane which bisects the external angle between the given planes, then 
2^asa«x»0, where a and fi are the inclinations of the given inclined 
planes to the horizon. 

(22.) A fine smooth inextensible string is placed on two inclined 
planes joined at the highest point and resting on an horizontal table, 
and is tacked at one end to one of them, the inclinations of the planes 
to the horizon being a, /3, and the lengths of the string on each sb, y, 
respectively. If the tack be suddenly removed, find the alteration in 
the finite pressure on the vertex, and show that the pressure on the 

table is inrtaataneoiMly dimiiushed by (^^2£^|^* x (weight of 
the string). 
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(23.) Two eqaal balls of matual elasticity t are Bimultaneoosly pro- 
jected from two adjacent coiners of a square table so as to meet in the 
middle ; find the planes and the latera recta of their orbits after leav- 
ing the table. 

(24.) If AFB be a circle reyolving uniformly about A^ the end of 
the diameter AB, while P moves in any given manner in the circle. 
Find the acceleration of P in the direction of the tangent to the circle, 
and perpendicular to it. 

(25.) OAy OB are two lines of railway crossing each other at right 
angles. A train is trayelling with a given velocity from A towards 0, 
containing troops that have guns whose maximum range is c, and 
when its distance from ia a {a being :>- c) a train of the enemy 
starts from and travels along OB with a known velocity. Find the 
first and last times when the enemy's train can be shot 

(26.) If the perimeter of a circle be the unit of length, and the time 
of descent down the vertical diameter the unit of time, show that the 

acoelerative effect of gravity is measured by — * 

(27.) Particles are projected down the chords of a vertical drole 
drawn through the highest point with velocities proportional to the 
chords ; show that they always lie on a circle. 

(28.) If a be the distance between two points at any time, V their 
relative velocity, and it, 1; the resolved parts of F in and perpendi- 
cular to the direction of a, show that their distance when they aro 

nearest to each other is y, and that the time of arriving at this 

CLU 

nearest distance is -m' 

(29.) A train is moving at the rate of 30 miles an hour on smooth 
horizontal rails, when the guard observes that a bridge at the distance 
of 274 feet from the train has fallen in, he immediately puts on the 
broak, which is equivalent to suddenly attaching to the train a weight 
of 10 tons hanging freely by means of a string passing over a smooth 
pulley ; given that the weight of the train is 100 tons, show that it is 
a matter of some consequence to the passengers whe.ther g equals 32 
of 32-2. 

(30.) If the unit of space be 8 feet, and the acceleration of a body 
falling under the action of gravity be 4, find the numerical value of 
the moon's mean velocity, its periodic time being 27^ days, and mean 
distance 240,000 miles. 
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(31.) A smooth ban mormg on a boriiontal plane impinges on a 

ImJI of (~)^ its maas at rest on the plane ; the line joining the 

centres of the balls being inclined at an ang^e a to the hodaon at the 
instant of impact^ and the whole motkm taking place in one plane. 
Prove that the first ball will lise yotically from the impact provided 
that the coefficient of elasticitj between the balls be »+ tan\i. 

(32.) A number of particles of different elasticitiea slide down a 
smooth inclined plane, through the same yertical hei^t^ and impinge 
on a horizontal plane at its foot ; show that they all, throughout their 
subsequent motions^ describe portions of the same parabola. 

(33.) From a point A a ball X is projected vertically upwaids, and 
at the same moment an equally heavy ball Y is projected from a point 
JB, so as to strike X horizontally when X is at the hi^iest point of its 
path ; AB is a line on level ground, and perpendicular to BA pro- 
duced is a perfectly elastic vertical screen at a distance \ AB from A. 
Show that the balls strike the ground at the some point. 

(34.) How would the oedllation of a cydoidal pendulum be affected 
by the pendulum being carried — Ist, uniformly ; 2dJljy with uniform 
aoceleratlony along a straight railway 1 

(35.) Two buckets of given wei^ts are suspended by a fine string 
placed over a fixed pulley ; at the centre of the base of one of the 
buckets a frog of given weight is sitting ; at an instant of instan- 
taneous rest of the bucket^ the frog lei^ vertically upwards so as just 
to arrive at the level of the rim of the bucket. Find the ratio of the 
absolute length of the frog's vertical ascent in space to the length of 
its bucket, and prove that the time which elapses before the frog again 
arrives at the base of its bucket is independent of the frog's weight 

(36.) If the area of a circle, of radius rfeet^ be the unit of area, and 
the velocity, which a heavy particle would acquire in £eJling freely 
through a space equal to the diameter, the unit of velocity ; find the 
acceleration with which a point would describe the circle uniformly in 
t seconds. 

(37.) Three equal uniform elastic spheres. Ay B, C, are placed on a 
horizontal table^ so that the centres of A, B, Care in a straight line, 
the centre of the middle one. By being at equal distances from the 
centres of A and C. Another equal sphere, D, is projected along the 
table, so as to strike B ; B then proceeds to strike one of the outer of 
the three balls and D the other; prove that the radius of any one of 
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the spheres has to the distance between A and C a ^^ter ratio than 
1 to V2. 

(38.) A particle is projected with a Telocity of 200 yards a second, 
and after passing through 6 inches of a substance which retards it 
with a uniform force, it is found to haye lost two-thirds of its velocity. 
Find the time taken to pass through. 

(39.) A yertical wheel mores on a perfectly rough horizontal plane 
with the velocity it would acquire by falling through a height equal 
to half its radius ; a particle flies off at a point P. Show that the 
focus of the parabola described by the particle is the foot of the per- 
pendicular from the lowest point of the wheel upon the radius through 
P ; and that the focal distance of P is a mean proportional between 
the semi-ktus-rectum and the radius of the wheel. 

(40.) Two particles are simultaneously projected with velocities Vi, 
Vt, and directions oi, oa with the yertical Proye that after an interval 

VxV% 8ip(a> - Ci) 
^(va sinos - v^ sinox) 

their directions are parallel, and find their relative velocity. 



ANSWERS. 



L p. 3. 



(i.) 400 yardg. (2.) 9000. (3.) 176 feet ; 40 y 

1 5 9 

(4.) 2^2 miles an hour. ($-) 352. (6.) ^minates; 3^' (7.) 1408. 



n. p. 4. 

:k. (5. 



JSW ,. ^ 



(2.)^ (3.) 396" ; 1320'. (4.) 154:40^ (5.) j^q^j- (6.)440:3. 

(7.) 11 : 9. (8.) 5 : 56. (9.) 88 : Z. (10.) j^j- (11.) ^• 
(12.) 10 miles an hour ; 6 miles an hour. 



III. p. 7. 

352 
(I.) 70. (2.) 15. (3.) 13. (4.) ^ ; 352. (5.) 3333*3. (6.) 12672. 

88 7 

(7.) 350 yards. (8.) The measure is ^ • (9.) ^^ (10.) 1025 feet 

(II.) 50^8101 feet ; 100Vl3,690 feet (12.) 400^7 yank 

(13.) The unit velocity. 

IV. p. 8. 

r 

2 1 

(i.) 18 inches. (2.) lly inches. (3.) -gg* 

(4.) By a line 12*5 inches long, making 45*^ with the first 
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V. p. 11. 

6 12 2 

I.) 16,800. (2.) 3^y (3.)4inch«i. (4.) gggeconds. (S.) ^"y • 

11 7 

7.) gg minutes. (8.) t^ mmates. (10). 265^ inches. 

VL p. 15. 
I.) A velocity sVlO feet a second, making tan '^ywith the second. 

2 a/3 

2.) 3V3; 3. (3.) 5Vl7 + 4V2milesanhourattan~*j-— ^-yg' 

- xm ,2 ., , ^ ^ ,6 ,^x«. , /t^ sin/3 - «! sino A 
4.) Tto"^ with the 3 ; By tan'^jg • (6.) Sin'!^^' — ]^^ tj . 

VII. p. 19. 

I.) Vij2 in direction 8E. (2.) 2^13 + 6^2 miles an hour in 

3 a/2 — 2 

direction at tan"*— ^ns; — with 8 and N line. 

3.) 2 sin 15°' (initial yelocity), at 105° to its initial direction. 
4.) VsT miles an hour, attan'^-y- to its initial direction. 

VIII. p. 23. 

I.) 1200 units. (2.) 27,000 feet per second. (3.) '2 feet per second. 
4.) 10,800. (5.) One second. (6.) *5 feet per second. 

IX. p. 24. 

I.) 15 : 1. (3.) 120. (5.) 2 : 3. (6.) 140. (7.) 20. (8.) -04. 

X. p. 26. 

I.) 70. (2.) 3. (3.) 3. (4.) 660. (5.) 15. (6.) 8400. 

2 

7.) 10,000 feet per second. (8.) 2y (9.) 350 feet a minute. 

10.) 269,965 feet a minute ; 539,951 feet a minute. 

II.) 9600. (12.) ^^' 
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XL p. 29. 

(i.) 366; -355. (2.) 8 inches. 

75 3 

(3.) - 72 • (4.) By a line 843-t- inches long, at 45° to the first. 

XIL p. 31. 

(I.) 96. (2.) jgg- (3.) 83- feet (4.) 1:4. 

cfi g, at 
(7.) -T- feet ; -g- second. (9.) One foot ; 2 inches. 

/ X 20 , ^ 10 

^^^'^ 161 * 161 ^^^'^"^ 



XIII. p. 35. 

4 32 

(i.) 5 at tan"^ to the 3. (2.) 300Vl753, at tan'^g^ to the E line. 



(3.) 30^5 + 2V3> attan~^j— 13 to the direction of initial motion. 

(4.) -Tg 9 in direction bisecting the exterior angle between the initial 
and final directions of motion. 



XIV. p. 40. 

2530 
(I.) 322; 2V966; 1610; 4830; -j^j-- 

(2.) 6^. (3.) 550. (4.) 3 ; 22'5 feet from starting point. 

250 
(5.) VgY seconds. (6.) 65. (7.) 8 feet per second per second. 

20 
(8.) 180 feet from starting point. (9.) -^ ; 20. 

(10.) -322" ^®®* > \/4313 feet a second. (i i.) 10 ,—- seconds. 

, , ,-=- , , 983,000 + 100,000^2983^ , 
(12.) ^gh. (13.) =^=^pg^ ^^^ 

(19.) oj — feet. (20.) S'^^rnvt + muY' (21.) 6 yards. 



ANSWERS. 20S 



XIV. p. 40 — continued, 

(23.) 44 feet; -^' (^4-) "Yf * 

(25.) (n±Vn*-2w) seconds ; ^Vn*-2». (26.) 1 foot, 1\ 

1 1 /i 2a/ 

(28.) 22 seconds ; gg* (29.) -j- seconds, and -gy- feet. (30). 6. 

XV. p. 50. 

(i.) 35207? ^' *"* ^^^' (^'^ ^^ ^' " ^® linear and angular yelodties 
of moving point, r distance from fixed point, p the perpendicular 
firom fixed point on line of motion, vp=of^. 

(3.) v.AaBC^<.CP^.CD ; cZkIoBG' (4-) ^^/ 

(5.) If <» is angular yelocity about focus. 



WSf 



-AS „ /8fP* 



0)2 



(6.) If V is yelocity of moying point, 6 its angular distance from the 

B v^ 6 
giyen pomt, v cosg- ; — sin-g, a being radius. 



XVI. p. 66. 

(i.) If v is yelocity of hour hand, B the angle through which it has 
gone since noon, the relative yelocity is, - 12t; sinl2^ + v smB parallel, 
and 12i; co6l2^ - v coaB perpendicular, to the noon line. 
(4.) If a, /3 are the accelerations, B the angle between their lines of 
motion, u, v their velocities at some given instant, the relative velo- 
city is least at an instant whose distance from given one is 

(at? + Pu) cobB -ua-vP 
a* + /32-2ai3cosd 

(6.) Velocity of A with respect to £ is a», parallel to CO., a being a 
side, 0) the angular velocity of A about G the G.G. 
(7.) v{l - e^ at an angle to CA equal to BCP. 
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XVn. p. 66. 

(I.) 289-8 ; 12 ^415. (2.) 6. (3.) 3. (4.) 25. (5.) 49. (6.) 0. 
(7.) 18 -- 32 V2 ; 36 + 32 V2. (8.) 5430. fe.) 300. (10.) 1 800. 

XVm. p. 78. 

(I.) 90. (2.) 1:2. (3.) 5:3. (4.) 3:7; 3:7. (5.) 45. 
(6.) Sufficient to generate the momentum 6 V^- (7.) JZ : 1. 

(8.) »Jv^+^K 

A lA. p. 88. 

(I.) 20; 10. (3.) 7:15; 7:15. (4.) 33:25. (5.) 7 : 66 ; 7 : 660. 
(6.) 2 : 1 ; 1 : 2. (7.) Gravity. 

XX. p. 93. 

(I.) Yq\ • (2) 112-7, (3.) 6. (4.) 76. (S.) 60. (6.) -6. 

125 280 

(7.) 19-32. (8.) 6-25. (9.) jgj- (10.) 5. (11.) ^' 

(12.) i50y/^- (13.) i^\/^- (14.) loVieT. 

3 24 100 

(i5') 3jrgg inches. (16.) ,j^ seconds. (17.) jgj; Ihs. 

(18.) 322. (19.) 15j|y ll«. (20.) 2-0125. (21.) 15^- 

(22.) 11 : 1890. (23.) If 6^ is unit of time, a feet of space, a= (32-2)6« 

(24.) 160 lbs. (25.) 57 lbs., nearly. (26.) 31 j|j oz. 

144 68 25 

(27.) 6jgj lbs., downwards ; 2jgj lbs., upwards. (28.) jgj lbs. 

XXII. p. 114. 

(2-) Aj_j>2 - (certain height). (3.) 4 lbs. 

. - m sina - mf sin/S 2rmn/ sina sinfl 

<4-) i^rr;;? 9; ^+^> (so eon plane. 

1 9 

(6.) 12 on one side. (8.) -^ second ; g-« 
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XXII. p. 114 — eonJbi'Mud. 
(10.) If g»(P-K?)(p-Hg)-fj> /^^"y^"P^-<^^y"^V ,np, 
P(3p-g)-g-0(p^g)^^ ^p, (P-g)(|-fg)-M,^^ down ; 

(li.) If m is mass of each body, c the length of each section, m/rg, 
m»J2lrcg. (12.) 2-glbs., 1-g-lbe. (13.) -g " ^''^^ ^P*^)' 

(18.) Sin"*~. (22.) VJT or \/^, according as A>- or -<Z. (23.) 403 • 

(29.) 60° from highest point. (30.) If AB is vertical diameter when 

plane is yertical, AB its position afterwards, then ABB^WP, 

(31.) (1.) Makes equal angles with line and horizon ; (2.) Join point 

to highest point of circle ; (3.) Makes equal angles with given line 

and horizon, and goes through lowest point of circle. 

(38.) 83 : 55. (40.) (ti + l)m :n(l +mn). (43.) 4WW : {W+ W)K 

XXIII. p. 123. 
(i.) Parabola, axis parallel to tube. (2.) — - • (3.) 25 yards. 



XXIV. p. 127. 
(I.) flrVal, tan-i3V3. (2.) |-(V6 - sj% 

(7.) — • (8.) 368 feet, nearly, takingVsTO =» 2, V4830 « 69. 

(10.) 1946 nearly. (11). 435 nearly. 

(12.) 2A{nsindco6^± co8S^/n+ aia^B], 

(14.) tan^ ^^ ^^^^ ^^ " ^ ^"^^ ^^^ r 

hi cos'^i - h% cos'^t 
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XXV. p. 131. 
(i8.) uJt?T^f where u,v vn initial ydocities. 

XXVI. p. 137. 

(i.) 7, Q-a' (2.) B==ZA. (4.) 8u and 2tf, in direction of original 
motion of 3m. (10.) 10:6:3:1. 

XXVII. p. 140. 

(I.) ^V2459 + 280V3, ^^4147 + 600^3, cot"^ ^"^^^, 

_,20 + 16V3 
^* ' 32V3 • 

(2.) yV59-12V6, Yq V3779 - 480V6, cot'i^^^^^^, 

.,i lV3- 16V2 
«^* '—3672 

(3-) f(V6- V2), -f, tan-i-(V3 + 2). (4.) 300,6^3,3^3. 

71 — 4 
(9.) F sin* "i-Q— IT, each ball struck moves perpendicular to the line 

along which the striker then proceeds ; the r^ ball struck starts with 

1 'x Tr • --i**~"4 n-4 
a Telocity Fsm*^ ^-g — w cos -5 — w. 

(10.) . — ~~T' where m is the mass, a the angle between the previous 

direction of motion and the line of the blow. 

(ij.) Describe on AE, ED, two segments of circles containing angles 

equal to 135^ They intersect in F. 



, at 30° to plane on other side of normal ; 90^ (2.) Tan"^ tje. 



XXVIII. p. 143. 

(^•) 73 

(5.) 2a=&, or 3a»2&, etc. ; number of impacts is 3, or 7, eta, exclud- 
ing those at point of departure. 

(8.) In a direction at <50t"* -— — >/c'-x*-y*+2scy to cushion, x, y, e 
being the 3 given distances. 
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XXIX. p. 149. 

(2.) With notation of Art. 171, Ex. i, the height h above centre is 
given by ag{\ + cos^) =u' sin2^{6(l - cob^^ - e*(l - cos^ cos^ - cosd}, 
i*'=2^(fc + a8in^. 

(3.) 36 feet ; ^f. (6.) ??^ from wall, ?^ • 

(7.) <«1, l:r:r»: eta, where r=j^j7^- 

XXX. p. 150-155. 

(i*) "2" (^) ^^ ^*^^ > ^^^^ impact the highest descends with a 

velocity beginning at 5^ - 20, and the lowest with a velocity 5^. 
(7.) 80, g being 32. (9.) Vertex of new path is on direc^ix of old, 
distance between their axes, being half the latus-rectum of either. 
Each ball reaches the groond at the instant the other would have 
done, if there had been no impact. 

^"•^ Sic' ('^) Integer in —• (13.) Tan-^y • 

(lO F^= a,^f^. ^>i -- ^> where a is distance between walls, 

\ J / e^^^sin29 e-1 

and 6 the angle of projection. 

(18.) — i — T — -J — ,atdistance=; — -. — -^ 

, . m - 26 Jf 

^^^' ^ 2Jkf+m ' (^7*^ ^°^ ^^ latus-rectum. 

(29.) Height of directrix is raised by^^Z-g-of its previous height above 
point of impact, and latus-rectum remains unchanged in length. 

(3^-) \/^"^- (36.) ,T^- 

XXXI. p. 158. 

(2.) -Q Jig horizontally to right and 'k'J^ vertically down. 

(4.) C.G. has a velocity x 8in2/3 perpendicular, and one x cos2/3 parallel 
to diagonal, /3 being one of the two angles into which the diagonal 
divides an angle of the rectangle. 

O 
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XXXn. p. 164. 
(i.) f^^ao*. See Art. 176, Ex. 2. 
(4.) -j==== second, being the real angular velocity. 

(5.) Vy. (6.) \/|njec«30°+««. (8.) g^ 



XXXm. p. 168. 
, 1 mm^ 1 (m-f mQmT^ 

(4.) 150; 15. (5.) -^' (6.) Diminished by one half . (7.) g^- 



XXXrV. p. 183. 

(I.) V^ 

2 
(3.) It leaves circle at a point at distance cos'^-^- from highest point. 

o 

(5.) It leaves circle at a distance from highest point => cos'^ 



3cos^' 
6 being distance of point where it meets circle. It must meet circle at 

a distance from highest point = ^^~^\/'o ' 

(8.) At a distance^ ^^"^^ from edge of cylinder. 

y 

(10.) a sinS + a sin2d{l + cos^ + V2 + 2co8^ + cos^, a being radius, 
aO the length of circular arc. 

(12.) 2 ^ag at tan" ^(^2 + 1) to horizon. 

(14.) ^ag{^+ /J3)y where a is length of string. 

(i 5.) ^2gh seca ; vra cosa = h sina, a being radius of cylinder. 
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XXXV. p. 193. 
(6.) Distance of required, from lowest, point s^-p* diameter of auxi- 
liary circle; Aur/J^!^^^ 

719 
(9.) Shorten it by ioq6qq ®^ ^^ length. (10.) 2444 feet 

, . 76 /806 .' , , , 172,800ir» 
("•) 176^ V 39" "^®' "^ ^^^' ("'^ 



a.n(2880 - a) 



MISCELLANEOUS. 

(i.) 1:2. (2.) —7- ounces. 

/8 

(5.) The highest must start^— ( ^h - ^Jh') seconds before the lowest, 

h and h' being their initial heights above the plane. 

4 . 3 ^ 

(lo). Liclination to horizon is sin ~ ^ g- • Horizontal component is T" of 

whole. ('3') T' 160' 36* (14.) -g" seconds nearly. 

^25..) <^±^cy+jp-^^ ^^^^ ^^ ^ ^^ ^y^^ velocities. 

(35.) mf+m" : 2m + 2m', m, m', m" being respectively the masses of 
frog, frog's bucket, other bucket. 

(36.) FV 7"' (38.) gQQ seconds. 



THE END. 
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\ HISTORY 
An EngUsh History for the Use 

of Public Schools. 

By the Rev. J. FkANCK Bright, M.A., Felhm of UniversUy College^ 
and Historical Lecturer inBalliol, New^ and Unvversity Colleges^ Oxford; 
iate Master of^he Modem School in Marlborough College, 

With numerous Maps and Plans. Crown 8yo. 
This work is divided into three Periods of convenient and handy 
size, especially adapted for use in Schools, as well as for Students 
reading special portions of History for local and other Examinations. 
It will also be issued in one complete Volume. 

Period L — ^MEDtflEVAL Monarchy : The departure of the Romans, to 
Richard III. From a.d. 449 to A.D. 1485. \s, 6d, [Now Recuiy. 

Period IL— Personal Monarchy : Henry VIL to James IL From a.d. 
1485 to A.D. 1688. \Jn ydnuary. 

Period IIL— Constitutional Monarchy : William and Mary, to the 

present time. From A.D. 1688 to A.D. 1837. [In the press. 

About five years af^o, after a meeting of a considerable number of Public School Masters, 
it was proposed to the Author that he should write a School History of England. As the 
suggestion was generally supported he undertook the task. The work was intended to 
supply some deficiencies felt to exist in the School Books which were at that time procur- 
able. It was hoped that the work would be completed in three years, but a series of 
untoward events has postooned its completion till now. The Author has attempted to 
embody* in the present publication, so much of the fruit of many years' historical reading, 
and of considerable experience in teaching history, as he believes will be useful m 
rendering the study at once an instructive and an interesting pursuit for boys. Starting 
from die supposition that his readers know but little of the subject, he has tried to give a 
plain narrative of events, and at the same time so far to trace their connection, causes, and 
effects, as to supply the student with a more reasonable and intelligent idea of die course 
of English History than, is f^ven by any mere compendium of facts. It has been thought 
convenient to retamthe ordmary divisions into reigns, and to follow primarily, throughout, 
the Political History of the country ; at the same time considerable care has been given 
to bring out the great Social Changes which have occurred from time to time, and to follow 
the growth of the people and nation at lai^e, as well as that of the Monarchy or of speda 
classes. A considerable number of jj;enealogies of the leading Houses of the 14^1 and 15th 
centuries have been introduced to illustrate that period. The later periods are related at 
considerably greater length than the earlier ones. The foreign events in which England 
took part have been, as far as space allowed^ brought into due prominence ; while by the 
addition of numerous maps and plans, in which every name mentioned will be found, it is 
hoped that reference to a separate atlas will be found unnecessary. The marginal 
analysis has been collected at the beginning of the volume, so as to form an abstract of the 
History, suitable for the use of those who are beginning the study. 

{See Specimen Page^ No, i.) 
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{See Spedmen Paget^ Nat, 3 0111^4.) 

History of the English Institutions. 

By Vbxlxb V. Smith, M.A.» Barrisier'ai'Law ; Fdkm oj ISm^s 

CONTENTS. 

iftodftl flili fincsl ^cttffoiunciu of t^ Cmgtffliticiu 

Otiigiii of the Eostish Tnsritiitioiw— The People— Local GovcnuncBt. 

<ron0tttitfiit0 of tj^e ^eimal 9itt$ontF« 

The Khiff— F^ufiament— The King's CoandL 

^uuhI (Sobcfiunflit* 

Legislation-^JiidicatiiTe— The Executive— Tazation—Chronological Table. 

Index and Glossary. 

" It contains in a short compass an the lustory of our local institiirions, from 

amount of informatioo not otherwise aoces- the Gemots of the first Teutonic settlers 

tfUe to students widiout oonsiderahle re- down to the County Court, the T.oral 

seardu Thediapter on Local Government Government Board, and the School Board 

in fKtfiffil^*' is wdl executed. It would of our own day, is to be found." 
be naxd to name any other book in which Atkttumm, 

History of French Literature. 

Adapted from tht French of M. Demogeot, by C. Bridge. 

3f . ^d, 

" An excellent rtac^rxA.**'^Atheiutum. a good and sufficient handbook."— if r»tAA 

" A clever adaptation.''— Z<7ff<i!m QuoT' Qiarterty Review, 

terly Review, "We cannot too highly commend this 

''It is dear, idiomatici and flowing, carefol analysis of the chancteristics of the 

possessing all Uie characteristics of good great Frendi writer."— «S'/aiuiefi£ 

£nglish composition. Its perusal wiU fur- " Unlike most manuals, it is readable as 

nish abundant evidence of the richness and well as accurate." — Ediit. 
▼ariety of French literature, of whidi it is 



LONDON, OXFORD^ AND CAMBRIDGE. 



HISTOBT.] EDUCATIONAL LIST. 



HISTORICAL HA/iDBOOXS-cantmued. 

The Roman Empire. a.d. 395-8CX). 

Sy A. H. Cu&TEis, M.A., Assistant-Matter at Sherborne School^ 
laU Fellow of Trinity College, Oxford, 

With Maps. jj. ^^ 

CONTENTS. 
Administrative and Lesnd Unity— The Christian Church in the First Four Centuries— 
The Barbarians on the Frontier--Centur7 IV^— Church and State in Constantinople, 
Eutropius and Chry80stom--Chrvso6tom and the Empress Eudoxia— Alaric and the Visi- 
goths, ^06-4x9— Genseric and the Vandals, |a9-c33— Attila and the Huns, 435-453— 
The "Change of Government," commonly called the Fall of the Western Empire, 475-526 
—The Emperor Justinian, 537-565— The Empire in relation to the Barbarians of the East, 
450-656 — Mohaimned and Mohammedanism, 6aa-7zz — ^The Popes and die Lomtttrds in 
Italy, 540-740— The Franks and the Papacy, 500-800— Synopns of Historical Events— 
Index. 

MAPS. 

Central Europe, about a.d. 400.— The Roman Empire at the beginning of the sixth 
Century.— Italy, 600-750.— Europe in the time of Charles the Great. 

teaching. Mr. Curteis' little book is admi- 
rably written for teaching purposes ; it is 
clear, definite, well-arranged, and inter- 
esting. "-^Aceuiemy, 

"Appears to be a good school book for 
the higher fQina&"—}vesitniMSter Eetniw, 

" Will prove of ^reat service to students, 
and we commend it to the notice of those 
who intend competing in the CiyO Service 
Examinations. Mr. Curteis has executed 
his task with great care and judgment." 

Civil Strvict Gazette, 



f<^ 



'We have very carefully exammed the 
chapters on the * Barbarians,' the Visigoths, 
the Vandals, and the Huns, and can pro- 
nounce them the best condensed account 
that we have read of tne westerly migra- 
tions."— ^4 thetueum. 

** An admirable specimen of careful con- 
densation and good arrangement, and as 9, 
stihool book it will assuredly possess a high 
value."-*%S'c*/«w««. 

"The period with which it deals is 
neglected m schoob for want of text-books, 
but is full of most important historical 



History of Modern English Law. 

By Sir Roland Knyvet Wilson, Bart, M.A,, Barrister-at-Law s 
late fellow of Kings College^ Cambridge. 

contents. 

S(e ^6ti0^ Hato in x%t 9ime of 9SIacftiCltone^ 

The Form in which it was Enunciated— Property, Contract, and Absolute Duties- 
Wrongs and Remedies, Civil and Criminau— FVocedure— Laws relating to Special 
Classes of Persons. 

Hife anti 339orft of Identi^am. 

Biography— The Writings of Bentham^Early Attempts at Law Reform. 

ileoal C$ait0e0 eince 1825. 

' Changes as to the Form in which the Law is Enunciated— 'Changes in the Law of 

Property, Contract, and Absolute Duties — Changes in the Laws as to Wrongs and 

Remedies— Changes in the Laws relating to Procedure and Evidence— Changes 

I in the Laws relating to Special Classes of Persons^Chronological Table of Cases 

and Statutes— Index. 

[HISTORICAL HANDBOOKS— ConHnued. 



LONDON, OXFORD, AND CAMBRIDGE, 

B :: 



MESSRS. RIVINGTON'S [HXSTOBIT. 



HISTORICAL HANDBOOKS--<xm\ma!oL 

English History in the XIVth Century. 

By Crarlss H. Pearson, M.A., Principal of the PreshyUrian 
Ladii/ College^ Melbourne^ late Fellow of Oriel College^ Oxford^ and 
Professor of History in the University of Melbourne. 

[In the Press. 

The Reign of Louis XL 

By F. WiLLERT, M.A., Fellow of Exeter College, Oxford. 

[In the Press. 

The Great Rebellion. 

By the Editor. 

History of the French Revolution. . 

By the Rev. J. Franck Bright, M. A., Fellow of Universify College^ 
and Historical Lecturer in Ballioly NevOy and University Colleges, Oxford; 
late Master of the Modern School at Marlborough College, 

The Age of Chatham. 

By Sir W. R«^4ilBON, Bart, M.A., Fellow of All Saul^ College, and 
Vinerian^0gderiffLaw, Oxford. 

The Age of Pitt. 

By the Same. 

The Supremacy of Athens. 

By R. C. JEBB, M.A., Fellow and Tutor of Trinity College^ Cam* 
bridge, and Public Orator of the University, 

The Roman Revolution. From b.c. 133 to the 

Battle of Actitim. 

By H. F. Pelham, M.A., Fellow and Lecturer of Exeter College, 
Oxford, 

History of the United States. 

By Sir George Young, Bart., M.A., late Fellow of Trinity College, 
Catnbridge. 

History of Romai^^ Political Institutions. 

By J. S. Reid, M.L., Chrises College, Cambridge. 
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HISTORICAL BIOGRAPHIES ' 

Edited by 
THE REV. M. CREIGHTON, M.A., 

FBLLOW AND TUTOR OF MBRTON COLLSGB, OXFORD, 

With Frontispiece and Maps. 

The most imporUnt and the most difficult point in Historical Teaching is to awaken 
a real interest in the minds of Beginners. For this ^xpose concise handbooks are seldom 
useful. General sketches, however acairate in theur outlines of political or constitutional 
development, and however well adapted to dispel false ideas, snil do not make history a 
living thing to the young. They are most valuable as maps on which to trace the route 
beforehand and show its direction, but they will sddom allure any one to take a walk. 

The object of this series of Historical Bio^phies b to try and select from English 
History a few men whose lives were lived in stimng times. The intention is to treat their 
lives and times in some little detail, and to group roimd them the most distinctive features 
of the periods before and after those in whioi they lived. 

It is hoped that in this way interest may be awakened without any sacrifice of accu- 
racy, and that personal s]rmpathics may be kindled vdthout forgetfulnest of die principles 
involved. 

It may be added that round the lives of individuals it will be possible to bring together 
facts of sodal life in a clearer way, and to reproduce a more vivid picture of particular 
times than is possible in a historical handbook. 

By reading Short Biographies a few dear ideas may be formed in the pupil's mind, 
which may stimulate to further reading. A vivid impression of one period, however short, 
will carry the pupil onward and give more general histories an interest in their turn. Some- 
thing, at least, will be gained if the pupil realises that men in past times lived and moved 
in the same sort ofvrzy as they do at present. 

It is proposed to issue the followmg Biographies adapted to the reading of pupils 
between the ages of xa and 15 : 

1. Simon de Montfort. * *' 5. The Duke of Marlborough. 

2. The Black Prince. 0. William Pitt, 

3. Sir Walter Raleigh. . or, The Duke of Wellington, 

4. OuvER Cromwell. 



History of the Church under the 

Roman Empire, a.d. 30-476. 

By the Rev. A. D. Crake, B.A., Chaplain of All Saints School^ 
Bloxham^ 

Crown 8vo. 7x. 6</. 

A History of England for Children. 

By George Davys, TiJi,^ formerly Bishop of Peterborough. 

New Edition. i8mo. u. 6^. 
With twelve Coloured Illustrations. Square cr« 8vo. y. 6d> 
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ENGLISH 
ENGLISH SCHOOL-CLASSICS 

H^A ItttroAuHons, and Notes at the end of each Book, 
Edited by FRANCIS STORR, RA., 

CHISP MASTER OF MODBRN SUBJECTS IN MERCHANT TAYLORS* SCHOOL, LATK SCHOLAR 
OP TRINITY COLLEGE, CAMBRIBGB, AND BELL UNIVERSITY SCHOLAR. 

Small Zzfo, 

THOMSON'6 SEASONS : Winter. 

With Intfoduction to the Series, by the Rev. J. Franck Bright, M.A., Fellow of 
Universitv College, and Historical Lecturer in Balliol, New, and University Colleges, 
Oxford ; late Master of the Modem School at Marlborough Collie, ix. 

OOWFEH'S TASK. 

By Francis Storr, B. A.,. Chief Master ef Modem Subjects in Merchant Taylors' 
School, ax. 

Part I. (Book I.— The Sofa : Book II.— The Timepiece) 9^. Part II. (Book III. 
»The Gaiden; Book IV.— The Winter Evening) od. FartTIII. (Book V.^The 
Winter Morning Walk ; Book VI.— The Winter Walk at Noon) 9^ 

SCOTT'S LAY OF THE LAST MINSTREL. 

By J. Surtbbs Phillpotts, M.A., Head Master of Bedford School, formerly 
Fellow of New College, Oxford, ax. 6d, 

Part I. (Canto I., with Introduction, &c) gt/. Part II. (Cantos II. and III.) or/. 
Part lU. (Cantos IV. and V.) 9^ Part IV. (Canto VI.] ^. 

SCOTT'S LADY OF THE LAKE. 

By R. W. TAYLpR, M.A., Assistant-Master at Rugby School, ax. 

Part I. (Cantos I. and II.) gd. Part II. (Cantos III. and IV.) g</. IWt III. 
(Cantos V. and VI.) ^. 

NOTES TO SCOTT'S WAVERLEY. 

By H. yff. Eve, M.A., Asdstant-Master at Wellington College, xx., or with the Ttsxt, 
ax. 6</. 

TWENTY OF BACON'S ESSAYS. 

By Francis Storr, B.A., Chief Master of Modem Subjects in Merchant Taylors' 
School, zx. 

SIMPLE POEMS. 

Edited by W. £. Mullins, M.A. Assistant-Master at Marlborough College. ZeL 

SELECTIONS FROM WORDSWORTH'S POEMS. 

By H. H. Turner, B.A., late Scholar of Trinity College, Cambridge, zx. 

WORDSWORTH'S EXCURSION: The Wanderer. 

By H. H. Turner, B.A., late Scholar of Trinity College, Cambridge, zx. 

MILTON'S PARADISE LOST. 

By Francis Storr, B.A., Chief Master of Modem Subjects in Merchant Taylors* 
School. 
Bookl. 9</. Bookll.gdT. 
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ENGLISH SCHOOL CLASSICS-con^VLtA. 

SSIiEOTIONS 7B0M THB SPECTATOR. 

By OsMiTifo AiKY, If ^, Assistant-Master at Wellington College, xt. 

BBOWNE'S RELIGIO MBDIGL 

By W. P. Smith, M^, Assistant-Master at Winchester College, zf. 

GK>LDSMITH'S TIU.VELLEB AND DESERTED VILLAaE. 
By C. Sankbt, M JL, Assistant-Master at Marlborough College, zr. 

SXTRAOTS FROM CK>LDSMITH'S VICAR OF WAKEFIELD, 
By C Sanksy, M.A., Assistant-Master at Marlborough College. 

SELECTIONS FROM BURNS' POEMS. 
By A. M. Bbll, M.A., Balliol College, Oxford. 

MACAXTLAY'S ESSAYS. 

MOORE'S LIFE OF BYRON. By Francis Storr, BJV. ^ 
BOSWELL'S LIFE OF JOHNSON. By Francis Stork, B.A. od. 
HALLAM*S CONSTITUTIONAL HISTORY. By H. F. Boyd, late Scholar of 
Brasenose College, Oxford, zx. 

SOUTHEY'S LIFE OF NELSON. 

By W. £. MuLUNS, M.A., Assistant-Master at Marlborough College. 

%* The Getural Introduction to the StrUt will be found in Thomson's Wintbr. 

(See Specimen Pages, Nos, 5 and 6.) 

OPINIONS OF TUTORS AND SCHOOLMASTERS. 



"Nothing can be better than the idea 
and the execution of the English School- 
Classics, edited by Mr. Storr. Their cheap- 
ness and excellence encourage us to the 
hope that the study of our own language, 
too long neglected in our schools, may taxe 
its proper place in our curriculum, and may 
be the means of inspiring that taste for lite- 
rature which it is one of the chief objects 
of education to give, and which is apt to be 
lost sight of in the modern style of teaching 
Greek and Latin Classics with a view to 
success in examinations."— k7«car Brown- 
it^, M.A., Fellow of Kin^e College, 
Catkbri^ge; Auittaui-Master at Eton 
CoUa^. 

"I think the plan of them is excellent : 
and those volumes which I have used I 
have found carefully and judiciously edited, 
neither passing over difficulties, nor pre- 
venting thought and work on the pupil's 
part bv excessive annotation." — Rev. C. B, 
Hutchinson, M,A., Assistoftt'Master in 
Rugby School. 

"I think that these books are likely to 
prove most valuable. There is great variety 
m the dioice of authors. The notes seem 
sensible, as far as I have been able to 
examine them, and give just enough help, 
and not too much ; and the size of each 
volume is so small, that in most cases it 
need not form more than one term's work. 



Something of the kind was greatly wanted." 
— E. E. Bowen, Af.A., Master of the 
Modem Side, Harrow School. 

** I have used some of the volumes of 
your English School-Classics for several 
months in my ordinary form wozk, and I 
have recommended others to be set as sub- 
jects for different examinations for which 
the boys have to prepare themselves. I 
shall certainly continue to use them, as 
I have found them to be very well suited 
to the wants of my form." — C. M. Bull, 
M.A.. Master of the Modem School in 
AlarlooroHgh College. 

" I have no hesitation in saving that the 
volumes of your Series which I have ex- 
amined appear to me far better adapted for 
school use than any others whicn have 
come under my notice. The notes are 
sufficiently full to supply all the informa- 
tion which a boy needs to understand the 
text without superseding the necessity of 
his thinking. The occasional questions 
call the learner's attention to points which 
he can decide from his own resources. The 
general plan, and the execution of the 
volumes whidi have come before me, leave 
little to be desired in a- School Edition of 
the English Classics."— r^ Rev, Chas. 
Grant Chittenden, M,A., The Grange, 
Hoddesdon, Herts, 
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SELECT PL A YS OF SHAKSPERE 

RUGBY EDITION. 

With an Introduction and Notes to each Play. 

Small 8vo. 

As You Like It. *2j. Ha^ilet. 2j.6^. 

Macbeth. 2j. King Lear. 

Edited by the Rev. Charles E. Moberly, M.A., Assistant-Master 
at Rugby School, and formerly Scholar of BaJliol College, Oxford, 

CoRIOLANUS. 2j. 6^. 

Edited by Robert Whitelaw, M.A., Assistant-Master at Rugby 
School, formerly Fellow of Trinity College, Cambridge, 

The Tempest. 

Edited by J. SURTEES Phillpotts, M.A., Head-Master of Bedford 
Grammar School, formerly Fellow of New College, Oxford. 

With Notes at the end of the Volume. [In the press. 

The Merchant of Venice. 

Edited by R. W. Taylor, M.A., Assistant^Master at Rugby School, 
With Notes at the end of the Volume. 

[In preparation. 



Reflections on the Revolution in France 
in 1790. 

By the Right Hon. Edmund Burke, M.P. 

New Edition, with a short Biographical Notice. Crown 8vo. 3^. 6df. 

A Practical Introduction to English 

Prose Composition. 

An English Grammar for Classical Schools, with Questions, and a 
Course of Exercises. 
By THOMAS Kerchever Arnold, M.A. 

Tenth Edition. i2mo. 41. 6^. 
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MATHEMATICS 

RIVINGTONS' MATHEMATICAL SERIES 

The following Schools, amongst many others, use this . Series : — 
Eton: Harrow: Winchester: Charterhouse: Marlborough: Shrewsbury: 
Cheltenham : Clifton : City of London School : Haileybury : Tonbridge : 
Durham : Fettes College, Edinburgh : Owen's College, Manchester : H.M/s 
Dockyard School, Sheemess : Hurstpierpoint : King William's College, 
Isle of Man : St. Peter's, Clifton, York : Birmingham : Bedford : Fdsted : 
Christ's College, Finchley : Liverpool College : Windermere College : 
£astbonme College : Brentwood : Perse School, Cambridge. Also in use 
in Canada : H.M. Training Ships : Royal Naval Collie, Greenwich : 
Melbourne University, Australia : the other Colonies : and some of the 

Government Schools in India. 

• 

OPINIONS OF TUTORS AND SCHOOLMASTERS. 



"A person who carefully studies these 
books will have a thorough and accurate 
knowledge of the subjects on whidi they 
treat."— /r. A, Mman. M,A., Tutor of 
Jttut CoU^t, Ca$mori4e*- 

"We have for' some time used your 
Mathematical books in our Lecture Room, 
and find them well arranged, and well cal- 
culated to dear up the difficulties of the 
subjects. The examples also are numerous 
and well-selected/*— M M. Femrt, M.A.^ 
Fellow and Tutor of Gouvilio and Caius 
Coll^gt, Cambridge. 

** 1 have used in my Lecture Room Mr. 
HambUn Smith'stext-books with very great 
advantage."— T^MM /Vf^^r, M^^ Fellow 
and Tutor qf St. Peter* t College, Cam- 
bridge. 

"For beginners there could be no better 
books, as I have found when examining 
different schools."— -r4 . W. W. SteeL M.A ., 
Fellow and Assistant-Tutor of GonviUe 
tmd Caius CoU^e. Cambridge. 

** I consider Mr. Hamblin Smith's Mathe- 
matical Works to be a very valuable series 
for beginners. His Algebra in particular 
I think is the best book of its kind for schools 
and for the ordinary course at Cambridge." 
F. Patricks M.A., Fellow and Tutor 
of Magdalen College, Cambridge. 

"The series is a model of clearness and 
insight into possible difficulties." — Rev. J. 
F, Blake. St. Peter's College, Clifton, 
York. 

"I can say with pleasure that I have 
used your books extensively in my work at 



Haileybury, and have found them on the 
whole well adapted for boys." — Thomas 
Pitts, M.A., Assistant Mathematical 
Master at Haileybury College. 

'* I can strongly recommend them alL" 
fV. Henry, M.A., Sub-U^anlen, 
Trinity College, Glenalmond. 

** I consider Mr. Smith has supplied a 
great want, and cannot iMit think that his 
works must command extensive use in good 
schools." — y. Henry, B.A., HeadMaster, 
H.M. Dockyard School, Sheemess, and 
Instructor of Engineers, R.N. 

" We have used your Algebra and Trigo- 
nometry extensively at this School from 
the time they were first puUisbed, and I 
thoroughly agree with every mathematical 
teacher I have met, that, as school text- 
books, they have no equals. We are intro- 
ducing your Euclid gradually into the 
School." — Rev.B.Edwardes, sen., MathS' 
matical Master at the College, Hurst" 
fierpoint, Sussex. 

** I consider them to be the best books 
of their kind on the subject which I have 
yet seen." — Joshua Jones, D.C.L., Head- ' 
Master, King WUliam's College, IsU of 
Man. 

** I have very great pleasure in express- 
ing an opinion as to the value of these books. 
I have used them under very different cir- 
cumstances, and have always been satisfied 
with the results obtained." — C. Jf. JV.^ 
Bugs, Mathematical Editor of the *Eng^ 
lisk Mechanic,* Editor of the * MontMy 
Journal of Education.* 
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RIVINGTON^ MATHEMATICAL SERIES-^tavlasLVJO^. 

Elementary Algebra. 

By J. Hamblin Smith, M.A., of GonvUle and Cams College^ and 
late Lecturer at St, Peter's College^ Cambridge, 

l2mo. y. Without Answers, 2j. 6^. 

A Key to Elementary Algebra. 

Crown 8vo. gj. 

Exercises on Algebra. 

By J. Hamblin Smith, M. A. 

i2mo. 2j. 6^. 
Copies may be had without the Answers. 

Algebra. Part II. 

By £. J. Gross, M.A., Fellow of GonvUle and Cams College^ 
Cambridge, 

Crown 8vo. &r. td. 



"We have to congratulate Mr. Gross on 
his excellent treatment of the more difficult 
chapters in Elementary Algebra. His work 
satisfies not only in every respect the re- 
quirements of a first-xate text-DOok on the 
subject, but is not open to the standing 
reproach of most English mathematicau 
treatises for students, a minimum of teach- 
ing and a maximum of problems. The 
hard work and considerable thought which 
Mr. Gross has devoted to the book will be 
seen on every page by the experienced 
teacher; there is not a word too much, 
nor is the student left without genuine 
assistance where it is needfuL The Ian- 



guage is precise, clear, and to the point. 
The problems are not too numerous, and 
selected with much tact and judgment. 
The range of the book has been very rightly 
somewhat extended beyond tha<t assigned 
to simpler treatises, and it includes the 
elementary principles of Determinants. 
This chapter especially will be read wi^ 
satisfaction by^ earnest students, and the 
mode of exposition will certainly have the 
approval of teachers. Altogether we think 
that this Algebra will soon become a 
general text-book, and will remain so for 
a long time to come." — Wetttninsier 
Review^ 



Kinematics and Kinetics, 

By E. J. Gross, M.A. 

Crown 8vo. 

A Treatise on Arithmetic. 

By J. Hamblin Smith, M.A. 

l2mo. jj. (id, 
(See Specimen Page^ No, 7.) 

A Key TO Arithmetic. 

Crown 8vo. 



{Just ready. 



[In the Press, 



LONDON, OXFORD, AND CAMBRIDGE, 



KATHEKATICe.] ED UCA TIONAL LIST. 1 1 



RIVINGTONS? MATHEMATICAL ^^^/5^— continuocL 

Elebcents of Geometry. 

By J. Hamblin Smith, M.A. 

i2ino. Jf. 6dr. 

Containing Books i to 6, and portions of Books ii and 12, of 
Euclid, wim Exercises and Notes, arranged with the Abbreviations 
admitted in the Cambridge Examinations. 

Part I., containing Books i and 2 of Euclid, limp cloth, u. 6^., may 
be had separately. 

(See Specimeft Pa^^ No, 8.) 

Geometrical Conic Sections. 

Ey G. RiCHAKDSON, M.A., Assistant-Master at Winchester College^ 
and iate Fellow of St. Jokn^s Collegi, Cambridge. 

Crown 8vo. 41. (td. 

Trigonometry. 

By J. Hambun Smith, M.A. 

l2mo. 4^. 6d. 

Elementary Statics. 

By J. Hamblin Smith, M.A. 

i2mo. 3J. 

Elementary Hydrostatics. 

By J. Hamblin Smith, M. A. 

i2mo. 3J. 

Book of Enunciations 

FOR Hambun Smith's Geometry, Algebra, Trigonometry, 
Statics, and Hydrostatics. 

i2mo. is. 



Arithmeticy Theoretical and Practical. 

By W. H. Girdlestone, M.A., of Chrisfs College, Cambridge, 
Principal of the Theological College, Gloucester, 

New Edition. Crown 8vo. dr. 6^. 
Also a School Edition. Small 8vo. jx. &/. 
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SCIENCE 

Preparing for JPuhlicaium^ 

SCIENCE CLASS-BOOKS 

Edited by 
The lUv. ARTHUR RIGG, M.A., 

LATB PRIKCIPAL OF tHB COLLBGB, CHXSTBR. 

These Volumes are designed expressly for School use, and by 
their especial reference to the requirements of a School Class-Booky 
aim cU making Science-teaching a subject for regular and methodical 
study in Public and Private Schools. 

An Elementary Class-Book on Sound, 

By George Carey Foster, B.A., F.R.S., Fellow of and Professor 
of Physics in. University College^ London, 

An Elementary Class-Book on Electricity. 

By George Carey Foster, B.A., F.R.S., Fellow of and Professor 
of Physics in. University College, London, 

Botany for Class-Teaching. 

With Exercises for Private Work. 

By F. E. Kitchener, M.A., F.L.S., Assistant-Master at Rt^by 
School, and late Fellow of Trinity College, Cambridge. 

Astronomy for Class-Teaching. 

With Exercises for Private Work. 

By Wallis Hay Laverty, M.A., late Fellow of Queen^s College, 
Oxford, 

The knowledge of Mathematics assumed will be Euclid, Books I.-VI., and Quadratic 
Equations. 

Other Works are in preparation. 
LONDON, OXFORD, AND CAMBRIDGE. 
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A Years Botany. 

Adapted to Home and School Use. 
By Frances Anna Kitchener. 

Illustrated by the Author. Crown 8vo. p, 
(See Specimen Page^ No, 2.) 

CoNTBtrrs. 

Oenoral Description of Fl ow er s Flowers with Simple Pistils— Flowers with Com- 
pound Kstils ^- Flowers with Apocarpous Fruits — Flowers with Syncarpous Fruits— 
-Stamens and Moiphology of Branches— Fertilisation— Seeds— Early Growth and Food 
of Plants— Wood, Stems, and Roots— Leaves — Classification^Umbellates, Composites, 
Spurges, and Pines-^me Monocotyledonous Families— Orchids— Appendix of Technical 
Terms— Index. 

An Easy Introdtcction to Chemistry. 

For the tise of Schools. 

Edited by the Reir. ARtHUR RiGG, MJL, late Principal of The Col- 
lege, Chester, and Walter T. Goolden, B.A., late Science Scholar 
of Merton College, Oxford. 
New Edition, revised. With Illustrations. Crown 8va 2f. 6«/. 

(See Specimen Page, No, 9.) 

"We seldom come across a work, of " There' are a simplicity and a clearness 

such simplicity in chemistry as this. It in the description and explanations given 
ought to be in Uie hands of every student in this little volume which certainly com- 
of chemistry." — Chemical Review, mend it to the attention of the young." 

Athgtueum. 

Notes on Building Construction. 

Arranged to meet the requirements of the syllabus of the Science and 
Art Department of the Committee of Council on Education, South 
Kensington Museum. 

Part I.— FIRST STAGE, or ELEMENTARY COURSE. 

Parts II. and III. [In the Press, 

Medium 8vo, with 325 woodcuts, \os. €d, 

' Report on the Examination in Building Consthoction, held by the Science 
AND Art Department, South Kensington, in May, 1875.— "The want of a text-book 
in this subjectj arranged in accordance with the published syllabus, and therefore limiting 
the students and teachers to the prescribed course, has lately been well met by a work 
published by Messrs. Rivingtons, entitled * NoU$ on BuUding Constructum, arranged 
to meet the requirements of the Syllabus of the Science and Art Department of the Com- 
nuttee of Council on Education, South Kensington.' 
yune 18, 1875. (Signed) H. C. Seddon, Major, R.E." 



«f < 



Something of the sort was very much ^ "The text is prepared in an extremely 

needed. A book distilling the substance simple and consecutive manner, advancing 

of larger works and putting the outlines of from rudimental and general statements to 

constructional science together in a small those which are comparatively advanced ; 

compass, is a very important aid to students. it is a thoroughly coherent, self-sustained 

A very usefiil litde book.*' — Builder. account" — Atherueum. 
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LATIN 

Elementary Rules of Latin Pronun- 
ciation. 

Especially drawn up for nse in Schools. 

By AiTHUR Holmes, M.A., laU Senior Fellmo and Dean of Clare 
College^ Cambridge^ and Preacher at the Chapel Royal^ Whitehall^ 
Editor of " Catena Classicorum,^* 

Crown 8yo. On a card, ^, 

Outlifies of Latin Sentence Construc- 
tion. 

By E. D. Mansfield, B.A., Assistant-Master at Clifton College. 

Demy 8vo. On a card, is. 

Easy Exercises in Latin Prose. 

With Notes. 
By Charles Bigg, M.A., Principal of Brighton College. 
Small 8vo. u. 4//. ; seWed, ^. 

Latin Prose Exercises. 

For Beginners^ and Junior Forms of Schools. 
By R. Prowde Smith, B.A., Assist.-Master at Cheltenham College, 

[This Book can be used with or without the Public School Latin 
PRiMltR.] New Edition. Crown 8vo. 2s, 6d, 

An Elementary Latin Grammar. 

By J, HAMBLIN Smith, M.A., of Gonville and Caius College^ Cam- 
bridge ; late Lecturer of S, Jeter's College^ Cambridge, 

Small Svo. 3^. 6d, 

, ,— ■ . .1 ... I I II. ^ -1 1.1, ■ I .1 —-....I I I - 
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Henrys First Latin Book. 

By Thomas Ks&chkver Arnold, M.A. 

Twenty-second Edition. i2mo. 3J. Tutor's Key, u. 
Recommended in the Guide to the Choice of Classical Books by J. B. 
Mayor, M.A., Professor of Classical Literature at King's College, late 
Fellow and Tutor of St. John's College, Cambridge. 

A Practical Introduction to Latin 

Prose Composition. 

By Thomas Kerchkver Arnold, M.A. 

Sixteenth Edition. Svo. 6x. &/. Tutor's Key, \s, 6d, 

Cornelius Nepos. 

With Critical Questions and Answers, and an ImitatiYe Exercise 
on each Chapter. 

By Thomas Kerchxver Arnold, M.A. 

Fifth Edition. lamo. 41. 

A First Verse Book. 

Being an Easy Introduction to the Mechanism of the Latin Hexa- 
meter and Pentameter. 

By Thomas Kerchever Arnold, M.A. 

Eleventh Edition. i2mo. 2J. Tutor's Key, \s. 

Progressive Exercises in Latin 

Elegiac Verse. 

By C. G. Gepp, B.A., laU Junior Student of Christ Churchy Oxford; 
Hedd^Masier of the College^ Stratford-on-Avon. 

Third Edition, Revised. Crown Svo. y, 6d, Tutor's Key, $s. 

Recommended in the Guide to the Choice of Classical Books by J. B. 
Mayor, M.A., Professor of Classical Literature at King's College, late 
Fellow and Tutor of St John's College, Cambridge. 

Selections from Livy, Books viii. 
and IX. 

With Notes and Map. 

By E. Calvert, LL.D., St. JohtCs College, Cambridge; and 
R. S award, M.A., Fellow of St. John^s College^ Cambridge i Assistant' 
Master in Shrewspury School 

Small Svo. 2s. 
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New Edition^ re^arranged^ wUh fresh Pieces and odtKHonal References^ 

Materials and Models for Latin 

Prose Composition. 

Selected and arranged by J. Y. Sargent, M.A., Fellaw and Tutor 
of Magdalen College, Oxford; and T. F. Dallin, M.A., TtUor^ late 
Fellow, ofQueerCs College, Oxford, 

Crown 8vo. 6j. 6</. 
(See Specimen Page, No, lo.) 

Latin Version of (60) Selected Pieces 

from Materials and Models. 

By J. Y. Sargent, M.A. 

Crown 8vo. 51. 
May be had by Tutors only, on direct application to the Publishers. 

Stories from Ovid in Elegiac Verse. 

With Notes for School Use and Marginal References to the Public 
School Latin Primer. 

By R. W. Taylor, M.A., Assistant-Master at Rugby School^ late 
Fellow of St, John's College, Cambridge, 

Crown 8vo. ^j. 6d, 

(See Specimen Pages y Nos, ii and 12.) 

The ^neid of Virgil 

Edited, with Notes at the end, by Francis Storr,'B.A., Chief Mas* 
ter of Modern Subjects in Merchant Taylor^ School, 

Books XI and XII. 
Crown 8vo. 2J. dd. 

[See Specimen Pages, Nos, 13 and 14.) 

Classical Examination Papers. 

Edited, with Notes and References, by P. J. F. Gantillon, M.A., 
Classical Master in Cheltenham College, 

Crown 8vo. *js, 6d, 
Or interleaved with writing-paper, half-bound, I or. 6d, 

Eclogce Ovidiance. 

From the Elegiac Poems. With English Notes. 
By Thomas Kerchever Arnold, M.A. 

Thirteenth Edition. i2mo. .8«r. dd, 
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Terenti Comoediae. 



Edited by T. L. Papillon, M. A., FeUaw of New College^ and iaie 
Fellow of iderton^ Oxford, 

ANDBJA XT EUNUCHUS. 4J. 6^ 

And&ia. New Edition, with Introduction on Frosodj. 3/. (>d. 

Crown 8vo. 

Forming a Part of the ** Catena CUusicorum/* 

yuvenalis Satirae. 

Edited by G. A. SiMCOX, M. A.» FeUew ofQueenU Coilege, Oxford. 

Thirteen Satires. 

Second Edition, enlarged and revised. Crown 8va $t. 

Forming a Part of the ** Catena Classicorum.^* 

Persii Satirae. 

Edited by h.VKKtOK^ M.A., of TVinity College^ Cambridge^ Classical 
Lecturer of Trinity HaU^ Composition Leetitrer of the Perse Gramtnar 
School^ Cambridge. 

Crown 8vo. 3;. 6if. 
Forming a Part of the " Catena Classicorum^^ 

Horati Opera. 

By J. M. Marshall, M.A., Under-Master in Duhvich College, 
Wou I. — ^The Odes,. Carmen Seculare, and Epodes. 

Crown 8va 7/. 6d, 
Forming a Part of the " Catena Classicorum^* 

Taciti Historiae. Books I. and II. 

Edited by W. H. SiMCOX, M.A., Fellffm ofQueen^s College^ Oxford, 

Crown 8vb. dr. 
Forming a Part of the ^* Catena ClassicorumP 

Taciti Uistoriae. Books III. IV. and V. 

Edited by W. H. SiMCOX, M.A., Fellow of Queen's College, Oxford, 

Crown 8vo. [In the Press, 

Forming a Part of the ** Catena Classicorum,*' 
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"This is an excelleat book. The 
pliers of elementary Greek Grammars have 
not before, so far as we are aware, made 
full use of the results obtained by the 
labours of philologists during the last 
twenty-five years. Mr. Abbott's great 
merit is that he has; and a comparison 
between his book and the Rtidimenia of 



GREEK 

An EleTfientary Grammar for the 

Use of Beginners. 

By Ev^YN Abbott, M.A., Lecturer in BalUol College, Oxford, 
and late Assistant-Master in Clifton College, [In the Press, 

Elements of Greek Accidence. 

By Evelyn Abbott, liLA., Lecturer in Baltiol Coll^, Oxford, 
and late Assistant-Master in Clifton College* 

Crown 8va 4/. 6d, 

the late I^. Donaldson— a most excellent 
volume for the time at which it was pub- 
lished—will show how considerable the 
advance has been; while a comparison 
with the works in oidinaiy iise, iRduch have 
never attained anything uke the standard 
rea c hed by Dr. Donaldson, will really sur- 
prise the teacher,"— u4/Ae«n«w. 

An Introduction to Greek Prose 

Composition. 

By Arthur Sidgwick, M.A., Assistant-Master at^Ru^ School, 
and formerly Fellow of Trinity College, Cambridge, 

\In the Press, 

Zeugma; or^ Greek Steps from Primer 
to Author. 

By the Rev. Lancelot Sanderson,. M. A., Principal of Elstree 
School, late Scholar of Clare College, Cambridge^ and the kev. F. B. 
Firman, M.A., Assistant-Master at Elstree School, late Scholar of 
Jesus College, Cambridge, 

Small Svo. ix. 6d, 

A Table of Irregular Greek Verbs. 

classified according to the arrangement of Curtins's Greek Grammar. 

By Francis Storr, B.A., Chief-Master of Modem Subjects in 
Merchant Taylor^ School, late Scholctr of Trinity College, Cambridge^ 
and Bell University Scholar, 

On a CanL i/. 
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Selections front Lucian. 

With English Notes. 

By Evelyn Abbott, M.A., Lecturer ia Ballial Colle^y Oj^ordt 
and late Assistant-Master in Clifton College^ 

Small 8vo. 3^. td, 

A lexander the Great in the Punjaub. 

Adapted from Arrian, Book V. 

An easy Greek Reading Book, with Notes at the end and a Map. 

By the Rev. Charles E. Moberly, M.A., Assistant- Master in 
Rngby School^ and formerly Scholar of Balliol College^ Ojrford. 

Small 8vo. 2s, 

Stories from Herodotus. 

The Tales of Rhampsinitus and Polycrates, and the Battle of Mara- 
thon and the Alcmaeonidae. In Attic Greek. 

Adapted for %ise in Schools, by J. Surtees Phillpotts, M.A., Head 
Mcuter of Bedford School; formerly Fellow of New College, Oxford, 

Crown 8vo. is. 6d, 

lophon: an Introduction to the Art 

of Writing Greek Iambic Verses, 

By the Writer of'Nuces ''and'' LucretiHs:' 

Crown 8vo. 2s. 

The First Greek Book. 

On the plan of Henrys First Latin Book. 
By Thomas Kerchevsr Arnold, M.A, 

Sixth Edition. lamo. 5x. Tutor's Key, is, 6d, 

A Practical Introduction to Greek 

Accidence. 

By Thomas Kerchever Arnold, M.A. 
Ninth Edition. 8vo. 5^. td. 

A Practical Introduction to Greek 

Prose Composition. 

By Thomas KercheveH Arnold, M.A. 

Twelfth Edition. 8vo. 5j. (id. Tutor's Key, is. 6d. 
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SCENES FROM GREEK PL A YS 

RUGBY EDITION 

Abridged and adapted for the use of Schools^ fy 
ARTHUR SIDGWICK, M.A., 

ASSISTAMT-MASTBIt AT BUGPY SCHOOL, ANP PO|UI|SLT FgLLOW OV 
TRINITY COLLBGB, CAMBRIDGB. 

Small 8vo. is, 6d, each. 

A ristophanes. 

THE CLOUDS. THE FROGS. THE KNIGHTS. PLUTUS. 

^es. 

IPHIGENIA IN TAURIS. THE CYCLOPS. ION. 
ELECTRA. ALCESTIS. BACCHiE. HECUBA. 

Recommended in the Guide to the Choice of Classical Books^ by J. B. 
Mayor, M.A., Professor of Classical Literature at King's College, late 
Fellow and Tutor of St. John's College, Cambridge. 




"Mr. Sidgwidc has put on the title-pages 
of these mmlest little volumes the words 
'Rugby Edition/ but we shall be much 
mistaken if they do not find a far wider 
circulation. The prefaces or introductions 
which Afr. Sidgwick has prefixed to his 
' Scenes ' tell the youthful student all that 
he neeik know about the play that he is 
taking in hand, and the parts chosen are 
those which give the general scope and 
drift of the action of the -pizy "-School 
Board Chronicle. 

"Each play is printed separately^ on 
good paper, and in a neat and handy form. 
The difficult passages are explained by the 
notes appended, which are of a particularly 
' useful and intelligible kind. In all respects 
this edition presents a very pleasing con- 
trast to the German editions hitherto in 
general use, with their Latin explanatory 
notes— themselves often requiring explana- 
tion. A new feature in this edition, whidi 
deserves mention, is the insertion in English 
of the f tage directions. By means of them 
and the argument prefixed, the study of the 
play is much $AmpiifitA."—Sc&UmaH. 

"A ^ort preface explains the action of 
the play in each case, and there are a few 
notes at the end which will dear up most 
of the difficulties likely to be met with by 
the young student.'* — EducaHonal Time*. 

" Just Uie book to be put into the hands of 
boys who are reading Greek plays. They are 



carefully and judiciously edited, and form 
the most valuable aid to the study of the ele- 
ments of Greek that we have seen for many 
a day. The Grammatical Indices are espe- 
cially to be commended." — Atkerutum, 

** These editions afford exactly the kind 
of help that sdiool-boys require, and are 
really excellent class-books. The notes, 
though very brief, are of much use and 
always to the point, and the arguments and 
arrangement of the text are equally good 
in their -wiiy. "^^tandard. 

" Not professing to give whole dramas, 
with their customary acnnixture of iambics, 
trochaics, and choral odes, as pabulum for 
leamera who can barely digest the level 
speeches and dialogues commonly confined 
to the first-named metre, he has arranged 
extracted scenes with mudi tact and skill, 
and set them before the pupil with all need- 
ful information in the shape of notes at the 
end of the book ; besides whidi he has added 
a somewhat novel, but highly commendable 
and valuable featuve — ^namely, appropriate 
headings to the commencement of each 
scene, and appropriate stage directions dar> 
ing its progress."— ^tf/arroo^ Review, 

Tliese are attractive little books, n«vel 

in design and admirable in execution 

It would hardly be possible to find a better 
introduction to Aristophanes for a young 
student than these little books afford." 

London Qnarieriy Review. 
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Homers Iliad. 

Edited^ with Notes at the end, hy J. SURTEES Phillpotts, M.A., 
Head Master of Bedford Grammar School, formerly Fellow of New 
College, Oxford. 

Book VI. Crown 8vo. 

Homer for Beginners. 

Iliad, Books L — ^III. With English Notes. 
By Thobcas Ksrcheyer Arnold, M.A. 

Fourth Edition. i2mo. ^f. 6^. 

The Iliad of Homer. 

From the Text of Dindorf. With Preface and Notes. 

By S. H. Reynolds, M. A., Fellow and Tutor of Brasenose College, 
Oxford, 

Books I. — XII. Crown 8vo. dr. 

Forming a Part of the " Catena Classicorum** 



The Iliad of Homer, 



With English Notes and Grammatical References. 
By Thomas Kerchever Arnold, M.A. 

Fifth Edition. i2mo. Half-bound, \2s, 

A Complete Greek and English 

Lexicon for the Poems of Homer and 
the Homer idee. 

By G. Ch. Crusius. Translated from the German. Edited by 
T. K. Arnold, M.A. 

New Edition. i2mo. pj. 

In the Press ^ New Edition^ re-arranged^ with fresh Pieces and additional 

References, 

Materials and Models for Greek 

Prose Composition. 

Selected and arranged by J. Y. Sargent, M. A., Fellow and Tutor 
of Magdalen College^ Oxford; and T. F. Dallin, M. A., Tutor^ late 
FelUrw of Queen's College, Oxford. 

Crown 8vo. 
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Classical Examination Papers. 

Edited^ wiih Notts and References^ By P. J. F. Gantillon, M.A., 
someHme Schoiar of St. John^s College^ Cambridge; Classical Master 
at Cheltenham College. 

Crown 8vo. 7j. 6//. 
Or interleaved with writing-paper, half-bound, lOr. td. 
Recommended in the Guide to the Choice of Classical Books, by J. B. 
Mayor, M.A., Professor, of Classical Literature at King's College, late 
Fellow and Tutor of St. John's College, Cambridge. 

Demosthefies. 

Edited, wiih English Notes and Grammatical References, By Thomas 
Kerchevek. Arnold, M.A. 

l2mo. 

OLYNTHIAC ORATIONS. Third Edition. 3/. 
PHILIPPIC ORATIONS. Third Edition. 4J. 
ORATION ON THE CROWN. Second Edition, ^r. 6d. 

Demosthenis Orationes Privatae. 

Edited by Arthur Holmes, M.A., late Senior Fellow and Dean of 
Clare College, Cambridge, and Preacher at the Chattel Royal, WhitehalL 

Crown 8vo. 
DE CORONA. 5J. 

Forming a Part of the ^^ Catena Classicorum.^* 

Demosthenis Orationes Publicae. 

Edited by G. H. Heslop, M.A., late Fellow and Assistant-Tutor of 
Queen^s College, Oxford; JTead-Master of St, Bees, 

Crown 8vo. 

OLYNTHIACS, 2s, ed. I ^ •„ n«. v i . ei^ 

PHILIPPICS, is. ) ^'' ^'^ ^°® Volume, ^, 6d, 

DE FALSA LEGATIONE, dr. 

Forming Parts of the *' Catena Cldssicorum.", 



Isocratis Orationes. 



Edited by John Edwin Sandys, M.A., Fellow and TlUor of 
St. JohrCs College, Cambridge, 

Crown 8vo. 
AD DEMONICUM ET PANEGYRICUS. 4J. 6^. 
Forming a Part of the ^^ Catena ClassicorumJ* 
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The Greek Testament 



With ft CridcaUy Reinaed Text ; ft Dig^t of Vuious Reftdlngs ; 
Mvqpnal References to Verbal and Idiomatic Uiage ; Prol^ioinena ; 
and a Critical and Exegetical Commentary. For the use of Theo- 
logical Students and Ministers. 

By Hevky Alfokd, BJ)., late Dmh of Can/€rhify. 

New Edition. 4 vols. J3vo. lozr. 

The Volumes are sold separately, as follows : 

VoL I.— The Four Gospels. 2^. ' ' , ' ' ' 
Vol. II,— Acts to 2 Corinthians. 24s. ' 

VoL in.— ^ALATIANS tO PHILEMON. iS/. 

VoL IV.— Hebrews to Revelation. 32^.. 



TAe Greek Testament. 



With Notes, Introductions, and Index. 
By Chr. Wordsworth, D.D.y Bishop of Uneoht. 

m 

New Edition. 2 vols. Impl. 8yo. 60s, 

The Parts nxay be had separately, as follows t — 
The Gospels, idr. 
The Acts. Ss. 
St Paul's Epistles. 2p. 
General Epistles, Revelation, and Index. i6j. 

Notes on the Greek Testament. 

By the Rev. Arthur Carr, M,A., Assistant-Master at WelUngton 
College^ late Fellow of Oriel College^ Oxford. 

THE GOSPEL ACCORDING TO S. LUKE. 

Crown 8vo. 6j. 

(See Specimen Pqge^ No, 15.) 

Madvigs Syntax of the Greek Lan- 
guage, especially of the Attic Dialect. 

For the use of Schools. 
Edited iy Thomas Kerchsver Arnold, M.A. 
New Edition. Imperial i6mo. &r. 6d, 
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Sophocles. 



With English Notes from SCHNBIDSWIN. 

Edited by T. K. ARNOLD, M.A., ARCHDtACON PAUL, and Henry 
Brownr, M.A. 

i2mo. 

AjAX. 5f« Philoctbtes. 3/. OSdipus Tyrannus. 4r. CEdipus 

Colonsus. 4j. Antigone, ^r. 

Sophoclis Tragoediae. 

Edited by R. C. Jebb, M.A., FeUew and Assistant- Tutor of Trinity 
College^ Cambridge^ and J^tbUe Orator of the University* 

Crown 8vo. 

Electra. Second Edition, revised. 3i. ^, 
AjAX. 3/. 6</. 

Forming Parts of the **Catena Classieorum,** 

Aristophanis Comoediae. 

Edited by W. C. Green, M.A., laU Fellow of Kin^s College^ 
Cambridge; Assistant- Master at Rugby School, 

Crown 8va 

The Acharnians and The Knights. 4j. 
The Clouds, y. 6d, 
The Wasps, y. 6d, 

An Edition of " The Acharnians and The Knights," revised 
and especially prepared for Schools. 4s, 

Forming Farts of the ^* Catena Classicorum^^ 



Herodoti Historia. 



Edited by H. G. Woods, M.A., Fellow and Tutor of Trinity CoUegt, 

Oxford, 

Crown 8vo. 

Book I. 6^. Book II. is. 
Forming Farts of the ** Catena Classicorum^^ 
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A Copious Phraseological Rnglish- 

Greek Lexicon. 

Founded on a work prepared by J. W. Fradersdorff, PLD., late 
Professor of Modern Languages, Queen^s College, Belfast, 

Revised, Enlarged, and Improved by the late Thomas Ksrchever 
Arnold, M.A., and Henry Browns, M.A, 

Fourth Edhioiu Svo. %ls, 

Thucydidis Historia. Books I. and II. 

Edited by Charles Bigg, M.A., late Senior Student and Tutor of 
Christ Church, Oxford; Principal of Brighton College. 

Crown 8vo. 6j. 

Forming a Part of the " Catena Classicorum. 

Thucydidis Historia. Books ill. and IV. 

Edited by G. A. SiMCOX, M.A., Fellow of Queen's College, Oxford, 

Crown 8vo. 6s, 

FormingaPart of the** Catena Classieorum,^* 

An Introduction to Aristotle s Ethics, 

Books I. — IV. (Book X., c. vi. — ix. in an Appendix). With a Ccm- 
tinuous Analysis and Notes. Intended for the use of Beginners and 
Junior Students. 

By the Rev. Edward Moore, B.D., Principal of S, Edmund Hall, 
and late Fellow and Tutor of Queen's College^ Oxford, 

Crown 8vo. lor. dd, 

Aristotelis Ethica Nicomachea. 

Edidit, emendavit, crebrisque locis parallelis e libro ipso, aliisqUe 
ejusdem Auctoris scriptis, illustravit Jacobus E. T. Rogers, A.M. 
Small 8vo. 41. 6d, Interleaved with writing-paper, half-bound, dr. 

Selections from Aristotle s Organon. 

Edited by JoHVf R. Magrath, M.A., Fellow and TUtor ofQueen*s 
College, Oxford, 

Crown 8vo. 3J. &/. 
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CATENA CLASSIOORUM 

Crown Svo. 

Sophoclis Tragoediae. By r. c. Jebb, m.a. 

THE ELECTRA. 3^. 6^ THE AJAX. y. td. 

yuvenalis Satirae. By G. a. Simcox, m.a. sj. 
Tkucydidis Historia. — Books L & II. 

By Charles Bigg, M.A. 6^. 

Tkucydidis Historia. — Books III. & IV. 

By G. A. Simcox, M.A. 6x. 

Demos thenis Orationes Publicae. By g. h. heslop, m.a. 

THE OLYNTHIACS. 2j. 6d. \ - r^ rr ^ ^v 

THE PHILIPPICS, y. ^ or, m One Volume, 4^. 6^. 

DE FALSA LEGATIONE. 6/. 

Demdstkenis Orationes Privatae, 

By Arthur Holmes, M.A. 
DE CORONA. 5J. 

Aristophanis Comoediae. By w. c. Green, m.a. 

THE ACHARNIANS AND THE KNIGHTS. 4^. 
THE WASPS. 3J. 6d. THE CLOUDS, jx. W 
An Editioo of Thb Acharnians and thb Knights, revised and especially adapted 
for use in Schools. 4/. 

Isocratis Orationes. By John Edwin Sandys, M.A. 
AD DEMONICUM ET PANEGYRICUS. 4*. 6^. 

Persii Satirae. By a. pretor, m.a. y, 6d. 

Homeri IliaS. By S. H. Reynolds, M.A, 

BOOKS L TO XIL 6x. 

Terenti Comoediae. By t. l. papillon, m.a. 

ANDRIA AND EUNUCHUS. 4J. dd, 

ANDRIA. New Edition, with Introduction on Prosody. 3J. 6^. 

Herodoti Historia. By h. g. Woods, m.a. 

BOOK I., 6x. BOOK II., 5j. 

Horati Opera. By J. M. Marshall, M.A. 

Vol. L— THE ODES, CARMEN SECULARE, and EPODES. *is.^. 

Taciti Historiae. By W. H. Simcox, M.A. 
BOOKS L and n. 6j. BOOKS IIL, IV., and V. [In the Press. 
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DIVINITY 

[ MANUALS OF RELIGIOUS 

INSTRUCTION 

Edited by 
JOHN PILKINGTON NORRIS, B.D., 

CANON OP BRISTOL, CHUSCH INSPBCTOR OF TRAINING COLLRGBS* 

Each Book in Five Parts. Small Sva is. each Part 

Or in Three Volumes. 3J, 6</. each. 

"G>ntain the maximum of re(}uisite in- "Carefully prepared, and admirably 

formation within a surprising minimum of suited for their purp>ose, they supply an 

space. They are the best and fullest and acknowledged want in Primary Schools, 

simplest compilation we have hitherto ex- and will doubtless be in great demand by 

amined on the subject treated." the teachers for whom they are intended." 

Standard, Educational Times, 

The Old Testament. 

By tke Rev. E. J. Gregory, M. A., Vkar of Halberton, 

Part I. The Creation to the Exodus. Part II. Joshua to the Death 
of Solomon. Part III. The Kingdoms of Judah and Israel. Part IV. 
Hebrew Poetry — The Psalms. Part V. The Prophets of the Captivity 
and of the Return — The Maccabees — Messianic Teaching of the Old Testa- 
ment 

The New Testament. 

By C. T. Winter. 

Part I. St. Matthew's Gospel. Part II. St. Mark's Gospel. 
Part III. St. Luke's Gospel. Part IV, St. John's Gospel. Part V. 
The Acts of the Apostles. 

The Prayer Book. 

By John Pilkington Norris, B.D., Canon of Bristol <Sr»r. 

Part I. The Catechism to the end of the Lord's Prayer — The Order 
for Morning and Evening Prayer. Part II. The Catechism, concluding 
portion — The Office of Holy Baptism — The Order of Confirmation. 
Part III. The Theology of the Catechism— The Litany— The Office of 
Holy Communion. Part IV. The Collects, Epistles, and Gospels, to be 
usea throughout the year. Part V. The Thirty-Nine Articles. 
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Rudiments of Theology. 

Intended to be a First Book for Students. 

By John Pilkington Norris, B.D., Canon of Bristol, Church 
Inspector of Training Colleges, 

Crown 8yo. \.J^*^^ Ready, 

A Catechism for Young Children, 

Preparatory to the Use of the Church 
Catechism. 

By John Pilkington Norris, B.D., Canon of Bristol, 

Small 8vo. 2d, 

A Companion to the Old Testament 

Being a plain Commentary on Scripture History down to the Birth 
of our Lord. 

Small 8vo. 3^. fid. 

Also in Two Parts : 

Part I.— -The Creation of the World to the Reign of SauL 
Part II.-— The Reign of Saul to the Birth of Our Lord. 

Small 8vo. 2s, each. 

[Especially adapted for use in Training Colleges and Schools.] 

" A very compact summary of the Old ments. It will be foimd very useful for 

Testament narrative, put together so as to its purpose. It does not confine itself to 

explain the connection and bearing of its merely chronological difficulties, but com- 

contents, and written in a ver^ good tone ; ments freely upon the religious bearing of 

with a final chapter on the history of the the text also." — Guardian. 
Jews between the Old and New Testa- 

A Companion to the New Testament. 

Small 8yo. \In the Press, 

The Young Churchman s Companion 

to the Prayer Book. 

By the Rev. J. W. Gedge, M.A., Diocesan Inspector of Schools for 
the Archdeaconry of Surrey, 

Part ^, — Morning and Evening Prayer and Litany. 
Part II. — Baptismal and Confirmation Services. 

i8mo. is, each, or In Paper Cover, 6</. 

Recommended by the late and present Lord Bishops of Winchester. 
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A Manual of Confirmation. 

With a Pastoral Letter instructing Catechumens how to prepare them- 
selves for their First Communion. 

By Edward Meyrick Goulburn, D.D., Dean of Norwich. 
Ninth Edition. Small 8vo. \s, 6d» 



The Way of Life. 



A Book of Prayers and Instruction for the Young at SchooL With 
a Preparation for Holy Communion. 

Compiled by a Priest, Edited by thi Rev. T, T. Carter, M.A., 
Rector of Clewer^ Berks. 

i6mo, \5, 6d. 

Household Theology. 

A Handbook of Religious Information respecting the Holy Bible, the 
Prayer Book, the Church, the Ministry, Divine Worship, the Creeds, 
&c., &c. 

By the Rev. John Henry Blunt, M.A. 

New Edition. Small 8vo. 31. 6d, 

Keys to Christian Knowledge. 

Small 8vo. 2J. 6^. each. 



" Will be very useful for the higher classes 
in Simday schools, or ratha: for the fqller 
instruction of the Sunday-school teachers 
themselves, where the parish Priest is wise 
enough to devote a certain time regularly 
to their preparation for their voluntary 
task."— £?««y» Review, 



*' Of cheap and reliable text-books of this 
nature there has hitherto been a great want. 
We are often asked to recommend books 
or use in Church Sunday schools, and we 
therefore take this opportunity of saying 
that we know of none more likely to be of 
service both to teachers and scholars than 
these ICeys." — Churchman*s Shilling 
Magazine. 

By J. H. Blunt, M. A.« Editor of the Annotated Book of Common Prayer, 

The Holy Bible. 
The Book of Common Prayer. 
The Church Catechism. 
Church History, Ancient. 
Church History, Modern. 

By John Pilkington Norris, B.D., Canon of Bristol, 

The Four Gospels. 

The Acts of the Apostles. 
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MISCELLANEOUS 

A First German Accidence and 

Exercise Book. 

By J. W. J. Vecqueray, Assistant-Master at Rugby School, 

[Til preparation. 

Selections from La Fontaines Fables. 

Edited^ with English Notes at the end^ for use in Schools^ by 

P. Bowden-Smith, M.A., Assistant- Master at Ru^y School, 

[In preparation, 

Le Marechal de Villars, from Ste. 

Beuve's Causeries du Lundi. 

Edited^ with English Notes at the end^ for use in Schools^ by H. \V. 
Eve, M-.A., Assistant- Master at Wellington College^ sometime Eellaw of 
Trinity College^ Cambridge, \^In preparation. 

The Campaigns of Napoleoit. 

The Text {in French) from M. Thiers' '' Ifistoire du Consulat et 
de PEmpire^*' and **Histoire de la Rholution Frangaise.^* Edited^ with 
English Notes^ for the use of Schools^ by Edward E. Bowen, M. A., 
Master of tlie Modern Side, Harrow School, 

With Maps. Crown 8vo. 

ARCOLA. 4J. 6flr. MARENGO. /^,(>d, 

JENA. ^,6d, WATERLOO, dr. 

Selections from Modern French 
Authors. 

Edited, with English Notts and Introductory Notice, by HenrI'Van 
I^UN, Translator of Taints History of English Literature. 

Crown 8va y, 6d, each. 
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The First French Book. 

By T. K. Arnold, M.A. 

Sixth Edition. i2mo. 5^. 6</. Key, 2J. td. 

The First German Book. 

By T. K. Arnold, M.A., andy W. Fradersdorfp, Ph.D. 
Seventh Edition. i2mo. 51. dd. Key, %s, 6d, 

The First Hebrew Book. 

Byl.lS^ Aknold, M.A. 

Fourth Edition. lamo. Is. &/. Key, 3x. &/. 

The Choristers Guide, 

By W. A. Barrett, Mas. Bac, Oxon., cj Si, PauPs Cathedral^ 
Author of " Flowers and Festivals ^''^ <Srv. 

Second Edition* Square l6ino. 2/. 6d, 

Form and Instrumentation. 

ByVf,A, Barrett, Mus. Bac, Oxon., Author 0/^* The Choristers^ 
Guide;' &>e. 

Small 8vo. [In preparation. 
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308 HENRY VI . [1429 

these too for apart, and the intercourse of the defenders mth an annj 
of relief under the Count of Clermont at Blois was not broken oft 
Early in the following year, this army hoped to raise the siege by 
falling on a large body of provisions coming to the besiegers from 
Bfttu* of fht Pc^ under Sir John Fastolf. The attack was made at 
■«*>«^ Eouvray, but Fastolf had made carefol preparations. 

The waggons were arranged in a square, and, with the stakes of the 
archers, formed a fortification on which the disorderly attack of the 
French made but little impression. Broken in the assault, they fell 
an easy prey to the English, as they advanced beyond their lines. 
The skirmish is known by the name of the Battle of the Herrmg^. 
This victory, which deprived the besi^ed of hope of external succour^ 
seemed to render the capture of the city certain. 

Already at the French EJng's court at Chinon there was talk of a 
Dugw of hasty withdrawal to Dauphin6, Spain, or even Scotland ; 

<''^**^ when suddenly there arose one of those strange effects 

of enthusiasm which sometimes set all calculation at defiance. 

In Domrdnu, a village belonging to the duchy of Bar, the inhabi- 
tants of which, though in the midst of Lorraine, a province under 
Burgundian influence, were of patriotic views, lived a village maiden 
called Joan of Arc. The period was one of great mental excitement ; 
as in other times of wide prevailing misery, prophecies and mystical 
preachings were current. Joan of Arc's mind was particularly 
susceptible to such influences, and from the time she 

JOMI of AV6. , 

was thirteen years old, she had &ncied that she heard 
voices, and had even seen forms, sometimes of the Archangel Michael, 
sometimes of St Catherine and St Margaret, who ca^^ed her to 
the assistance of the Dauphin. She persuaded herself that she was des- 
tined to fulfil an old prophecy which said that the kingdom, destroyed 
by a woman — ^meaning, as she thought. Queen Isabdla,— -should be 
saved by a maiden of Lorraine. The burning of Domrdmi in the 
sunmier of 1428 by a troop of Burgundians at length gave a practical 
form to her imaginations, and early in the following year she suc- 
ceeded in persuading Bobert of Baudricourt to send her, armed and 
accompanied by a herald, to Chinon. She there, as it is said by the 
wonderful knowledge she displayed, convinced the court of the truth 
of her mission. At all events, it was thought wise to take advantage 
of the infectious enthusiasm she displayed, and in April she was 
intrusted with an army of 6000 or 7000 men, which was to march up 
the river firam Blois to the relief of Orleans. When she appeared 
upon the scene of war, she supplied exactly that element of success 

[Bright's English History— 5« Page i.] 




{Specimen Fage^ No, 2.] 
15 A TEAR* 3 BOTANY. 

of all of them open by two alits turned towards the centre of the 
flower. Their stalks have expanded and joined together, so as 
to form a thin sheath round the central column (fig. 1 2). The dust- 
spikes are so variable in length 
in this flower, that it may not be 
possible to see that one short one 
Pjg 22. comes between two long ones, 

Duet-«pikte of gorse (wOarywO. thoUgh this OU^M to be the CSSC. 

The Beed-organ is in the form of a longish rounded pod, with 
a curved neck, stretching out beyond the dust-spikes. The top 
of it is sticky, and if you look at a bush of gorse, you will see 
it projecting beyond the keel in most of the fully-blown flowers, 
because the neck has become more curved than in fig. 12. Cut 
open the pod ; it contains only one cavity (not, as that of the 
wall-flower, two separated by a thin partition), and the grains 
are suspended by short cords firom the top 
(fig. 1 3). These grains may be plainly seen in 
the seed-organ of even a young flower. It is 
evident that they are the most important part ^& ^s- 

BpUt seed-pod of gone. 

of the plant, as upon them depends its diffu- 
sion and multiplication. We have already seen how carefully 
their well-being is considered in the matter of their perfection, 
how even insects are pressed into their service for this purpose ! 
Now let us glan*^ again at our flower, and see how wonderfully 
contrivance ia heaped upon contrivance for their protection 1 

First (see fig. 10, p. 14), we have the outer covering, so covered 
with hairs, that it is as good for keeping out rain as a waterproof 
cloak ; in the buttercup, when you pressed the bud, it separated 
into five leaves ; here there are five leaves, just the same, but 
they are so tightly joined that you may press till the whole bud 
is bent without making them separate at all, and when the bud 
is older, they only separate into two, and continue to enfold the 
flower to a certain extent till it fiades. Wben the flower pushes 
back its waterproof cloak, it has the additional shelter of the big 

[A Year's Botany— ^« Fetge 13.] d 
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struction, and at last; after nearly twenty years of alternate 
hopes and fbars, of tedious negotiations, official evasions, 
and sterile Parliamentary debates, it was effectually extin- 
guished by the adverse report of a ParUamentary Com* 
mittee, followed by the erection of the present Millbank 
Penitentiaiy at a vastly greater expense and on a totally 
different system. 

Traxisportation. — Ity the meantime the common gaols 
were relieved in a makeshift fashion by working gangs of 
prisoners in hulks at the seaports; but the resource mainly 
relied on for getting rid of more dangerous criminals was 
the old one of transportation, Eotany Eay having suc- 
ceeded to America. As at first employed, there was no 
mistake as to the reality of the punishment; the mis- 
fortune was that the worst elements iif the real were not 
so made known as to form any part of the apparent 
punishment. If the judge, in sentencing the convict, 
had thought fit to explain, for the warning of would-be 
offenders, exactly what was going to be done with their 
associate, the sentence would have been something of 
this sort : *' You shall ffrst be kept, for days or months 
as it may happen, in a common gaol, or in the hulks^ in 
company with other (siminals better or worse than your^ 
self, with nothing to do» and every facility for mutual 
instruction in wickedness. You shall then be taken on 
board ship with similar associates of both sexes, crammed 
down between decks, under such circumstances that 
about one in ten of you will probably die in the course 
of the six months' voyage. 11 you survive the voyage 
you will either be employed as a slave in some pubUc 
works, or let out as a slave to some of the few free 
settlers whom we have induced to go out there. In 
either case you will be under very little regillar inspection, 
and will have every opportunity of indulging those natural 

[Wilson's English iJCN-^Sce Page 3.] 
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Relation to the Barbarians of the East 203 

wealth into the treasury. Churches remained open day 
and night, and frequent siddresses kept up the enthusiasm 
to a high pitch* It was (for the moment) a genuine 
"revival" or reawakening of the whole Boman worhL 
The occaaioni too, appeared favourable. Italy was quiet, 
and the Exarchate at peace with its neighbours. Clotaire 
the Frank was no enemy to Heraclius, and in common 
with his clergy (being orthodox and not Arian) might be 
expected to sympathise in so holy a cause. -' ^ 

Treachery of the Avars — a.d. 616. — ^In one quarter 
only was there room for fear. The Avars were on the 
Danube, and the turbulence of the Avars was only equalled 
by their perfidy. Already, in a.d. 610, they had fallen 
suddenly on Korth Italy, and pillaged and harassed those 
same Lombar4s whom they had before helped to destroy 
the Gepidaa. Previous to an absence, therefore, of years 
from his capital, it was essential for the Emperor to sound 
their intentions, and, if possible, to secure their neutrality. 
His ambassadors were welcomed with apparent cordiality, 
and an interview was arranged between the Chagan and 
Heraclius. The place was to be Heraclea. At the appointed 
time the Emperor set out from Selymbria to meet the 
Khan, decked with Imperial crown and mantle to honour 
the occasion. The escort was a handful of soldiers; but 
there was an immense cortege of high officials and of the 
fashionable world of Constantinople, and the whole 
country side was there to see. Presently some terrified 
peasants were seen making their way hurriedly towards 
Heradius. They urged him to flee for his life; for anned 
Avars had beto seen in small bodies, and might even now 
be between him and the capital Heraclius knew too 
much to hesitate. He threw off his robes and fled, and 
but just in time. The Chag^ had laid a deep plot A 
large mass of men had been told off in small detachments 

[CuRTEis' Roman Empire— ^/-^ Page 3.] d 2 
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44 COWPER'S TASK. 

I say the pulpit (in the sober use 

Of its legitimate peculiar powers) 

Must stand acknowledg'd, while the world shall standi 

The most important and effectual guard, 

Support and ornament of virtue's cause. 

There stands tlie messenger of truth : there stands 

The legate of the skies ; his theme divine, 

His office sacred, his credentials clean 

By him, the violated law speaks out S40 

Its thunders, and by him, m strains as sweet 

As angels use, the Gospel whispers peace. 

He stablishes the strong, restores the weak, 

Reclaims the wand'rer, binds the broken heart| 

And, arm'd himself in panoply complete 

Of heav'nly temper, furnishes with arms 

Bright as his own, and trains, by ev'ry rule 

Of holy discipline, to glorious war. 

The sacramental host of God*s elect 

Are all such teachers? would to heav'n all were I 350 

But hark — ^the Doctor's voice — fast wedged between 

Two empirics he stands, and with swoln cheeks 

Inspires the news, his trumpet Keener far 

Than all mvective is his bold harangue. 

While through that public organ of report 

He hails Uie clergy ; and, defying shame, 

Announces to the world his own and theirs. 

He teaches those to read, whom schools dismiss'd* 

And colleges, untaught ; sells accent, tone, 

And emphasis in score, and gives to pray'r 360 

Th' adagio and andante it demands. 

He grinds divinity of other days 

Down into modem use ; transforms old print 

To zigzag manuscript, and cheats the eyes 

Of gallery critics by a thousand arts. — 

Are there who purchase of the Doctor's ware? 

Oh name it not in Gath \ — ^it cannot be, 

That grave and learned Clerks should need such aid 

He doubtless is in sport, and does but droll, 

Assuming thus a rank unknown before, 370 

Grand caterer and dry>nurse of the church. 

I venerate the man whose heart is warm. 
Whose hands are pure, whose doctrine and whose life. 

[Cowper's Task— 5a? Page 6.] 
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NOTES TO THE TIMEPIECE. 87 

gether as with a close seal. .... The flakes of his flesh are 
joined together : they are firm in themselves ; they cannot be 
moTed." 

Hobbes, in his&mons book to which he gave the title Levia' 
thoHy symbolised therebr the force of ciyil society, which he 
made the foundation of all rijg;ht 

315-325 Cowper's limitation of the province of satire — that it 
is fitted to laugh at foibles, not to subdue vices — is on the whole 
well-founded. But we cannot forget Juvenal's famous " facit 
indignatio versum," or Pope's no less famous — 

"Yes, I am proud : I must be proud to see 
Men not afraid of God, afraid of me : 
Sdfe from the bar, the pulpit, and the throne^ 
Vet touched and shamed by ridicule alone." 

326-372 7^ pulpit, not satire^ is the proper cm rector of sin, 
A description of the true preacher and his office, followed by one of 
the false preacher, * * the reverend advertiser of engraved sermons, " 

530 Strutting and vapouring, Cf. Macbeth, v. 5. 

" Life 's but a walking shadow, a poor player, 
That struts and frets his hour upon the stagey 
And then is heard no more ; it is a tale 
Told by an idiot, full of sound and fury, 
Signif^ong nothing." 

*' And what in real value 's wanting, 
Supply with vapouring and ranting." — Hudibras. 

331 Proselyte, it^tenkurtt, a new comer, a convert to Judaism. 

338 Jlis theme divine. Nominative absolute. 

343 Stablishes, Notice the complete revolution the word has 
made — stabilire, ^tablir, establish, stablish ; cf. state, &c. 

346 Of heavenlv temper, Cf. Par, Lost, i. 284, " his ponder- 
ous shidd etherial temper. " See note on Winter Morning IVaih, 
L 664. 

349 Sacramental, Used in the Latin sense. Sacramentum was 
the oath of alliance of a Roman soldier. The word in its 
Christian sense was first applied to baptism — the vow to serve 
faithfully under the banner of the cross. See Broivne on the Thirty' 
nine Articles, p. 576. 

350 Would to heaven, A confusion between ' ' would God " and 
*• I pray to heaven. " 

351 A picture from the life of a certain Dr Trusler, who seems 
to have combined the trades of preacher, teacher of elocution, 
writer of sermons, and literary hack. 

352 Empirics, ift^u^fit, one who trusts solely to experience or 
practice instead of rule, hence a quack. The accent is the same 
as in Milton (an exception to the rule. See note on Sofa, L 52)* 

ICowpER's Task— 5« Page 6.| 
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thus : if the articles had cost £,\ each, the total cost 
would have b^en £2^*1^ ; > - . 

/. as they cost i oij^i each, the cost will be /^^, or /413. 

The process may be written thus : 
3x, 4^. is 7 of ;f 1 1 ;f 2478 s cost of the articles at £1 each. 

£^\Z = cost at 3J. 4^. . . . 

Ex. (2). Find the cost of 2897 articles at £2, 12s. p^ 
each. 



;^2 is 2 X £1 

lor. is I- of ;^i 
2s, is J of lOS. 
Zd, is J of 2J. 
i^f. is i of 8^. 



2897 . 0.0 = cost at ;^i each. 



5794 . O . O =...... ;^2 

1448 . 10 • O = IQS 

289 • 14 • o = 2S, , . . , 

96 . II . 4 = 8^^ .... 

12 . 1.5- i^ •••• 



;^764o . 16 . 9 = £2. I2r.9^.each. 

Note. — ^A shorter method would be to take the parts 
thus: 

los, sx |. of ;^i.; 2s, 6d, = X of los, ; 3^. = -re of 2^- 6^ 

Ex. (8). Find the cost of 425 articles at ;£2. iSs. 4^. 
each. 

Since ;^2. iSs, 4^. is the difiference between £$ and 
IX. Sd, (which is -^ of ;£"!), the shortest course is to find 
the cost at £$ each, and to suhiractfrom it the cost at 
IX. 8</. eacli, thus : 

£3 is 3 X;f I 425 . 0.0 = cost at £1 each. 



Tf. 8</. is -^ of ;f I 



1275 • 0.0= ;^3 •••• 

35 . 8.4= is.Zd, each. • 



;^I239 . II . 8= £2, i&f. 4//. each. 

[J. Hambltn Smith*s Arithmetic— 5"^^ Page la] 
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Book L] PROPOSITION XLL C; 



PaoposmoM XLL Tbeobxil 

If a pcurdUehgram and a triangle be upon the eame oasCi atid 
between the eame paralXds^ the parcMogrcm U double of i)ie 
triangle. 




Let the ZZ7 ABCD and the A^^Cbe on the same l)ase BC 
and between the same ||s AE, BG, 

Then mud CJ ABCD be doubh of A EBO, 

Join A C, 

Then b.ABC= lEBG, v they are on the same base and 
between the same lis ; L 37. 

and O ABCD is double of a -4^(7, •/ ACia tk diagonal of 
ABCD ; L 34. 

.-. O ABCD is double of A EBC. 

Q. E. u. 

Ex. 1. If from a point, without a parallelogram, there be 
drawn two straight lines to the extremities of the two opposite 
sides, between which, when produced, the point does not lie, 
the difference of the triangles thus formed is equal to half the 
parallelognuiL 

Ex. 2. The two triangles, formed by drawing straight lines 
from any point within a parallelogram to the extremities of 
its opposite sidee^ are together half of the parallelogram. 

IJ. Hamblin Smith's Gbometry— *Sir A^rii.] 
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CAtiBOKIC ANHYDEIDB. 88 

Sometimes cftf bonio aiibydricle ia piodnced in wells, and, being 
so maeb hetmer than air, it remains at the bottom. If a man 
goes down into anch a well, be will have no difficnlty at first, 
becatise the air is good; bnt wben he is near the bottom, where 
the gas has acctuonlated, he will gasp for breath and fall ; and if 
anyone, not nnderatanding the cause of his trouble, goes down to 
assist him, he too will Ml senseless, and both will quicklj die. 
The way to ascertain whether carbonic anhydride has aconmn- 
lated at the bottom of a well is to let a light down into it. If it 
goes out, or even bnros Tery dimly, there is enongh of the gas 
to make the descent periloiis. A man going down a well shoidd 
always take a candle with him, which he shonld hold a consider- 
able distance below his month. If the light tmras dimly, he 
shonld at once stop, before his month gets any lower and he 
takes some of the gas into bis Innge. 

When this gas is in a well or pit, of course it most be ex- 
pelled before a man con descend. There are several expedients 
fbr doing this. One is to let a bucket down ^eqnmtly, turning 
it upside down, away from the 
month of the well, ereiy time it 
is bionght np, a plan which will 
remind yon of the experiment 
represented in Fig. 24. 

Bnt a better way is to let down 
a bundle <^ homing straw or shav- 
ings, so as to heat the gas. Now 
heated bodies expand, gases very 
mncb more than solids or liqtiids, 
and, in expanding, the weight of a 
certain volnme, say of a gallon, 
becomes lessened. So that if we can 
heat the carbonic anhydride enough 
to make a gallon of it weigh less than a gallon of air, it will 
rise out of the well jnst as hydrogen gas would da Fig. 26 
shows how yon may perfbrm this experiment upon a small scale. 




[Easy Ihtroduction to Chemistry— 5a il^ 13.] 
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JH'ar Latin Prose — flistoricaX. 17 

DISASTROUS RETREAT OF THE ENGLISH FROM CABUL. , 

IT took two days of disoider, snfferiiig, and death to cany the 
aimyy now an aimy no more, to the jaws of the &tal pass. 
Akhsx Khan, whiD appeared like the Greeks' dread marshal from 
the spirit-land at intervals npon the route, here demanded four 
fresh hostages. The demand was acquiesced in. Madly along the 
narrow defile crowded the undistinguishable host, whose diminished 
numbers were still too numerous for speed : on eyery side rang the 
war-cry of the bsurbarians : on every side plundered and butchered 
the mountaineers : on every side, palsied with fatigue, terror, and 
cold, the soldiers dropped down to rise no more. The next day, 
in spite, of all remonstrance, the general halted his army, expecting 
in vain provisions from Akbar "Khan. That day the ladies, the 
children, and the married officers were given up. The march was 
resumed. By the following night not more than one-fourth of the 
original number survived. Even the haste which might once have 
saved now added nothing to the chances of life. In the middle of 
the pass a barrier was prepared. There twelve officers died sword 
in hand. A handful of the bravest or the strongest only reached 
the further side alive : as men hurry for life, they hurried on 
their way, but were surrounded and cut to pieces, all save a few 
that had yet escaped. Six officers better mounted or more fortu- 
nate than the rest, reached a spot within sixteen miles of the goal ; 
but into the town itself rode painfully on a jaded steed, with the 
stump of a broken sword in his hand, but one. 

LrvY, xxi. c. 25, § 7-10. xxxv. c. 30. xxiii. c. 24. 
Cjebar, BeU. OaU. v. c. 35-37. 



DEFEAT OF CHARLES THE BOLD AND MASSACRE OF HIS 

TROOPS AT MORAT, 

IN 9uch a predicament braver soldiers might well have ceased 
to struggle. The poor wretches, Italians and Savoyards^ six 
thousand or more in number, threw away their arms and made 
[Sargent and Dallin's Materials and Models — See Page j^ 
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11, 
ARIADNE'S LAMENT. 

Madam, 'twas Ariadne passioning 

For Theseus' perjury and unjust flight. 

■ Two GttNTLKMEN OF VeRO'NA, IV. 4, 172. 

AJ^G17MENT. 

Ariadne fe^ls the story of her first wakingy to find hersdf abandoned by 
Theseus and left on an unknown island^ exposed to a host of 
dangers^ — (UeroipBS, x.) 

The story is beautifully told. by Catullus, in the " £pithalamiuin Pelei 
et Thetidos:" it also forms one of the episodes in Chaucer^ s **• Legende of 
Goode Women.^* 



I%ook( before it was day to find myself alone, no trace of my companions 
to be seen. In vain I felt and called for Theseus^ the echoes alone gave 
flt4 anmter. 

Quae legis, ex illo, Theseti, tibi litore mitto, 

Unde tuam sine me vela tulere ratem : 
In quo me somnusque meus male prodidit et tu, 

Per facinus somnis insidiate meis. 107 

Tempus erat, vitrea quo primum terra pruina 112 

Spargitur et tect£^e fjponde queruntur aves : 
Incertum vigilons, a somno languida, movi 07 

Thesea prensuras semisupina manus : 
NuUus erat, referoque manus, itenimque retempto, 
10 . Perque torum mov^o braxiihia : nullus erat. 
Excussere metus somnum : conterrita surgo, 

Membraque sunt viduo praecipitata toro. 123 

Protinus adductis sonuerunt pectora palmis, ill 

Utque erat e somno turbida, rapta coma est. 
Luna fait : specto, siquid nisi litora cemam ; 

Quod vldeant, oculi nil nisi litus habent. 150 

Nunc hue, nunc illuc,et utroque sine ordine curro; 

Alta puellares tardat arena pedes. 
Interea toto clamanti litore " Theseu I " 121 

20 Reddebant nomen concava saxa tuum, 
Et quoties ego te, toties locus ipse vocabat : 

Ipse loctfs miserae feire volebat opem. 106 3 

[Taylor's OviT>—See Page 16J 



[Specimen Page, No, 12.] 

STORIES FROM OVID. 

174. Ftinioa poma, pom^j&nates. 

178. Taenanim» dt the aotttiiem extremity of Pel<woime8as, was one 

of the numerous descents to Tartarus. Cf. VirgiL Georg. 
IV. 467: SH s, 

Tfcnarias ^tiam fauces, alta o$tia Pitis. 

179. Faotura fait. This periphrasis for fecisset is to be noted ; it is 

the one from which the oblique forms are all constructed, 
e.g.ffaduramfuis^ej k>t factur^ fuisset. 
183. Oessatis, one of a goodly number of intransitive verbs of the 
first conjugation which have a passive participle. . Cf. erratae, 
above, 139, claniata, 35. So Horace, regnata Phalanto nira 
(Odes, IL 6, 12) J triumphatae gentes (Virgil), 

II.—IV. 

ARIADNE;. 

This and the two following extracts, though taken from different 
works, form a definite sequence. Ariadne, daughter of Minos, king of 
Crete, has helped Theseus to conquer the Minotaur, by giving him a 
dew to the maze in which the monster was hid, and, being in love with 
him, has fled in his company. They put in for the night to the island of 
Dia, and Theseus on the next morning treacherously sails away, leaving 
the,poor girl alotfe. The first extract is part of an epistle which she is 
supposed to write on the day when she discovers his perfidy. 

The name Dia, which belonged properly to a small island off the 
north coast of Crete, was also a poetical name for Naxos, one of the 
lai^est of the Cyclades. It may haye been this fact which led to the 
further l^end which is recounted in the next extract, how Ariadne, 
lorn of Theseus, becomes the bride of Bacchus ; for Naxos was die 
home of the Bacchic worship. As the completion of the legend she is 
raised to share in Bacchus' divine honours, and as the Cretan Crown 
becomes one of the signs of the heavens. 

.11. 
ARIADNE'S LAMENT. 

I. nio, so. DUu, 

4. Per faoiniiB, criminally. 

5. Describing apparently the early dawn, or the hour that precedes 

it, when the night is at its coldest, and the birds, half-awake, 
b^in to stir in their nests. Fruina hints that it is autumn. 

7. A beautifully descriptive line — ^Bat half-awake, with aU the 

languor of sleep still on me. 
A somno= after, as the result of. 

8. SemlBiipina, on my $ide, lit, half on my back, describes the 

motion of a person thus groping about on waking. Cf. 
Chaucer r 

Ryvht in ^he dav^ynge awaketfa diee. 

And groptith in the bed, and fonde ryghte noghtt. 

[Taylor's QyiD—See Page \^:[ 
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SS-87] AENEIDOS, LIB. XI. 

55 haec mea magna ftdesi at noOi Euandre, pu^lendk 
volneribus pulsum aspicies, nee sospite dirum 
opitabis nato funus pater, ei mihi, quantum 
praesidium Ausonia, et quantum tu perdis, lule ! 
Haec ubi deflevit, toUi miserabile corpus 

60 imperat, et toto lectos ex agmine mittit 

mille viros, qui supremum comitentur honorem, 
intersintque patris lacrimis, solada luctus 
exigua ingentis, misero set debita patri. 
haut segnes alii crates et molle feretrum 

65 arbuteis texunt virgis et vimine quemo, 
extructosque toros obtentu frondis inumbrant 
hie iuvenem agresti sublimem stramine ponunt; 
qualem virgineo demessum pollice florem 
seu mollis violae, seu languentis hyacinth!, 

70 cui neque fulgor adhuc, nee dum sua forma recessit; 
non iam mater alit tellus, viresque ministrat 
tunc geminas vestes auroque ostroque rigentis 
extulit Aeneas, quas illi laeta laborum 
ipsa suis quondam manibus Sidonia Dido 

75 fecerat, et tenui telas discreverat auro, 

harum unam iuveni supremum maestus honorem 
induit, arsiurasque comas obnubit amictu; 
multaque praeterea Laurentis praemia pugnae 
aggerat, et longo praedam iubet ordine duci« 

80 addit equos et tela, quibus spoliaverat hostem. 
vinxerat et post terga manus, quos mitteret umbris 
inferias, caeso sparsuros sanguine flammam; 
indutosque iubet truncos hostilibus armis 
ipsos ferre duces, inimicaque nomina figu 

85 ducitur infelix aevo confectus AcoeteSy 

pectora nunc foedans pugnis, nunc unguibus ora; 
stemitur et toto proiectus corpore terrae. 

[Storr's Virgil— aS*« Page 16.] 
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Comp. Gear, iu 8a, Nee hmgum ttmpus d , , , exiit . • . arbos^ C 
But as these are the only two instances of the construction adduced it is 
perhaps safer to take d = even. 

51 nil lam, etc.] The father is making vows to heaven in his son's 
behalf, but the son is gone where vows are neither made nor pud. 

55 liMo UM ma^na fldM] 'Is this the end of all my promises?' 
Magna may be taken as * solemn,' or ' boastful.' 

piidandls Tolnerllnu] All his wounds are ou his breast 

56 dlrum optabis faniu ^ morii danwebis, . Compare the meaning of 
dirae^ xii. 845. 

59*99] A description of the funeral rites. Aeneas bids his last farewell. 

59 Haeo ubl deftevlt] 'His moan thus made.' De in composition has 
two opposite meanings : (i) cessation from or removal of the fundamental 
ideas, as in decresco^ dedoceo^ etc ; (2) (as here) in intensifying, as debdlo^ 
detniror, dtsaeuio* 

61 honorem] Horns is used by V. for (i) a sacrifice, iii. 118; (2) a 
hymn, Geor, ii. 393 ; (3) beauty, Am, x. 24 ; (4) the ' leafy honours ' of 
trees. Gear, ii. 404 ; (5) funeral rites, vi. 333, and here. See below, /. 76. 

63 MlAtta] In apposition to the whole sentence ; whether it is nom. or 
ace. depends on how we resolve the principal sentence; here, though 
solatia applies to the whole sentence, its construction probably depends on 
the last clause, which we may paraphrase, tU praeseniis {jh /itrnpcu) s$/ii 
solatia ; therefore it is nom. 

64 oratM #t moUa feretrtun] The bier of pliant osier : cf. /. 22. 
66] Cf. Statius, Tkcb, vi. 55, torus et puerile feretrum. 

obteiitu fircmdU] ' A leafy canopy.' C. understands ' a layer of leaves. 
67 acroitl itramlnej 'The rude litter.' 
68] Cf. ix. 435 ; II. vul 306, 

Ac *ripu</ q/ivorc leapi} ir^Xijici fiapwOiy, 

* Even as a flower, 
Poppy or hyacinth, on iu broken stem 
Languidly raises its cucurabered head.'— Milman. 

69 Uunguaitli hyaolntbl] The rhythm is Greek. The < drooping hya- 
cmth ' is probably the Lilium Martagon or Turk's-cap lily, ' the sanguine 
flower inscribed with woe. * 

70] 'That hath not yet lost its gloss nor all its native loveliness.' I^e- 
cfssit must apply to both clauses. ' If we suppose the two parts of the 
line to contain a contrast, the following line will lose much of its force,* 
C. Compare the well-known lines from the Giaour ^ ' He who hath bent 
him o'er the dead,' etc. 

71] Contrast the force of tuque adhuc, nee dum, and non iam ; 'the 
brightness not all gone,' ' the lines where beauty lingers,' and ' the support 
aad nurture of mother earth cut ofFonc^ and for all.'^ 

[Stork's Virgil— i'a Page 16,] 
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34-42] The Meal in Stmotis House. .89 

36. tva i^ayjy] In modem Greek, which properly- speaking 
has no infinitive, the sense of the infinitive is expressed by va 
(iva) with subjunctive (as in this passage), e.g, Itti^v/ao) vet 
vpaf^j;, *I wish him to write;' see Corfe's Modem Greek 
iyrammar^ p. 78. This extension of the force of tw to oblique 
petition, and even to consecutive clauses, maybe partly due to 
the influence of the Latin ut; cf. ch. xvi. 27, kpwta o5y, irdrep, 
tva TrefjLi/^s : see note on ch» iv. 3. 

• The following incident . is recorded by St Luke alone. 
Simon the Pharisee is not to be identified with Simoa the 
leper, Matt, xxvi., Mark xiv. 3. 

dvcicA.* ^] The Jews had adopted the Roman, or rather Greek, 
fashion of reclining at meals — a sign of advancing luxury and of 
Hellenism, in which however even the Pharisee acquiesces. 

37. yvn^ There is no proof that this woman was Mary 
Magdalene. But mediaeval art has identified the two^ aiid 
great pictures have almost disarmed argument in this as in 
other incidents of the gospel narrative. 

38. dkdpaarpov] The neuter sing, is Hellenistic The 
classical form is aXd^aarpo^ witii a heteroclite plural dXo- 
Pacrrpa, hence probably the late sing. dXdfiaorpov. The 
grammarian stage of a language loves uniformity, Herod, 
iii. 20; Theocr. xv. 114 : 

orao-a vapa tovs TroSas avrovj This WOuld be possible from 
the arrangement of the triclinium. 

39. kyiviMTKiv hi\ ^ Would (all the while) have been recog- 
nising.' 

40. xp€to4ia\irai\ A late word; the form varies .between 
')(pt(a<li€iXkTo.i and yjp€o<fi€iXkrat, 

41. Siyva/)ia] The denarius was a silver coin originally 
containing ten ases (deni), afterwards, when the weight of 
the as was reduced, sixteen ases. Its equivalent modem 
value is reckoned at 7^d. But such calculations are mis* 
leading ; it is more to the point to regard the denarius- as 
ian average day's pay for a labourer. 

42. p.ri €xoKTO)v] Because M saw that thev had not 
€;(ap«raTol Cf. z^. 2i. 

[Carr's Notes on the GREfiK Testamei*t— ^ Page 23.] 
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